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All equations one  going to be derived for non - interacting Hamilton on

HK = Eye
,

where crine > = years ) is none function for e single particle .

All find egestion
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,
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,
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However
,

the MTP is defined only through the were fandom and

its phone ,
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, Bpeen
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No formulation of polarization in

terms of response functions exist . Knowing Get
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sufficient . Probably x cry
,
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⇒ for solids it is diverging

1) Non - wig news of polarisation .

consider He U ID ouoloy
but with completely

looked charges .

For completely localized charges we can use Pm
.
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F- Fuel - E + Zf ) = fee . E ) P -
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Which one is comet ? It turns out P is  defined up
to P ¥Faf .

given a system ,
we con nd define it more precisely

then
up

to I Fae
.
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"

,
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⑦
This is not a problem ,

become in experiment we always core about the

change of polarization.

end not the obsolete robe
.

The change 0¥ . J is  cement that flows through a wit all

Imagine we tore our original system of changes and transport one unit of

change from atom I → 2 → 3 - s - -
-

-
. f-  e.  at

⑦ -0 ④ -0 to .  .  -  -
-  -0

won an

after that
operation , the charges of theitem are the some

,
hence the some

polarization . But me transported on entire gwent of polarisation ,
hence

longe current
.

Polarization oakeley changed from
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but P
,

= Pu hence we see no Irony of the system .

Hema to calculate polarization ,

me need to follow the evolution of the

system with external field Theoretical calculation should fine
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③ How we know that the change
with displacement should be measurable .

Let's calculate it

T T
I to 3Fof 3ft d

Be Fuel - Et 3ft d) Be Fae ( Et d - ZE )

=P
,

t Fae . d PE P
,

t Faa 'd

P2 - Pi =

Faa . d es expected and is unique .

-
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Why is P not sew when there is no displacement ?

If the system has inversion

I . p =p
Ym~hy I

then P has to commute with inversion

If P = Face( - m
,
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,
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o
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,
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then I . P =P

These one the only
two possibilities .

Either integer or half - integer gaonhm .

- -

More realistic system would look like that Fig
below

,
because electronic

cloud is nut point -

bite
,

lent it mores end spreads .

two electrons two electrons

•
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T
Wennie function It turns out that the details of the Monnier - function do not

with center et Er - D
-

motto only
it's  center of moss ploys

the role of displacement .

If  are calculate Cryer -
- fou Nix , x Next = E - D

Then :

Pz = fan ( q - 2 ( E - b) +3ft d) =P
,

t Fm(d+2#
e.tree charge due to movement

of Monnier functions .



④
Whet if we do not went to construct Monnier functions . Can we

compute P ?

Yes ,
there is formula in terms of Bloch states

,
which can he used :

s Ps-
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Solution of s
.

E
. periodic port

We will first prove this
identity a)

,
and later introduce more rigorously the

polarisation operator in Q
. M

. formulation .

Proof of Ch :
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)
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ease
 Eiti yn .
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- rise = xm.ci )

• s Mnet Unite > = faginEitiqq.eittwitcr.rs
ei wine - ri )

-
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'

-E
,

hence we an set E =D and coerced 't
.
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Ei qq.it

*

wit card miners = §
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,

=• expend both rites for small I :
hmm I eihrlwmco D
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Eid } wacky I -
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⑤ Previous equation  is valid for  

any
I

,
hence

< unit lines = §
Eit 't

Cwm cist who , > = I

i Lumet Femme > = §
Eiht crunch it minion ⇒ Y÷§eiunset if une > ope = twice

-

nil Wmca >

- Lun, , f÷, um . > =

§ Citta winery r 't win " ' > ⇒
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Finally for the home cell

F-fwnce-oil-lwncr-oD-VF.fopecu.se/ifzune7
es promised .

This is well defined only for imolotos

F- =L minion r 't Wmc D=
Veadar

, folk C Mnet - Fel Mmr )

Fluctuations of the Monnier  centers
.

- - -

Me here a secipy to compute P
,

end me Snow that only AP metres

sense
,

which is :

Sr find - crsims.ee = ¥¥s folk Kuntilifelines - smile - famines ]
But we do not bone real understanding of why P is not uniquely
defined and how is this connected to the

Berry phase .

How this follows from general lows of Q
.

M
.

?

- -
-

Back to the guest on of why p is not a simple correlation function -

We expert : pw=fzefd3rTigers end for
cell

Ament m how : Jet , =

faafaaoprjcn,
t ) where we here in mind slow adiabatic

change
with time

,
so that we on

when me study turn always in given
'

equilibrium .

on voltage ,
the pontine

ions slowly moreto new

positions ,
which allows the

ament to flow .



④ Than : or P -

- I Et should be obeyed

EPH ' = face folk I Ife.

rt continuity off = -

fig
loud change conservation in  a

.  - tfaufoprr @j ) rt
unit all

.

-

J fi.j ) = j trop

Soir Jing ) = foPrjtforr.co .

j )

Veil Van Vall

I:East.
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-
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Or

or PCH - - true

grip
.  
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✓
The true cement we observe

non - zeno

in  experiment

during adiabatic

evolution
,

become

www.t flows through
the hemp le

( Jujus
.

- o but ftp.ocs ) is not )

But we need to here off = then foprj = Eze for E. M
.

to be meh 'd .

The cul print is the p punk wk in defined I in the equation that

grows and
diverges , is not all periodic .

Im treating isolated

modules
,

where boundary is insulating ,
me con use

P= folk  P
firs become the Anfa term vanishes . But in solids it

would hone the from P -

- § fol
'

r I Higley? c 4

ill defined for infinite now
.

c-  aura

=

Eames
,

milks which is

Conclusion : we need to start from oberoeble we Snow how to handle
,

the arent I end derive B to satisfy I
-
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④ I = III =

GFI
9¥ = i

she
- in -11¥ Head 0k¥ !

if. of ei HtI Ei Ht
= i [ #,

I ]
← →

Heisenberg operation

< 4ns.

I Irl 4mg> = if4mi I HitXmas - C 4mi
.

ITHIKE > )

= i CEN - Em ) cxn , in , xm , > (EYEEnce ,)
Hence : Uni

IF14mi. > = -
i ftp.t?n1XmeI valid for men

-

i

Find object because R -

- Em = - in #

Use Bloch 's theorem xm.cryeeirun.org where uns is all periodic .

them

< tail I ix. = foin nieces

unitsA Ill

periodic
Idea : Replace ire by 2¥ .

do cell periodic

Ched : ¥ ( Eiht Heist ) = . i Eiti cf H - *f)
dirt =  i Eit :c * in ] eid ? E

 ii.  in eisi

These is  no term ft heroine in this representation H=§nFt¥aCD  t

.§ Kai - rj)

Hate that EitiHeidi is all periodic ,
beene

Therefore : oh , I 11 Xm , > = fopr nine⇒ % ( Eiti Heit
"

) µ meet ) -

- sun .
I % ( E HeirHume)

( 4mi IT 14mi > =
- i einen sun , I # C Ei

" Heidi Hume > men
-

He Hate Hel une > = Eel Mme >
-

For pollination D= Fauci > we would need gym .
If Hae > which we do not have .

However, for the change of P ( g¥x ) only off - diagonal media elements contribute ,
and

me can definitely compute off
,

one to movement of atoms . To do that ,
me

need to repeat perturbation theory ,
i. e.

,
how to compute the change of the

W . F . under adiabatic change .

.

I 1MW >
ox



⑧ Linearresponsethroaghorelinaryperbahonth.org
We have a variable x

,
which changes

the system adiabatically

( bile electric field moves
atoms in the untcell

,

or momentum

Arranges

Ume )

How do eigenstates change or a function of x

?
Inca > eigenstates for current value of X

Hex , Inca > = Email Mix 'S

{ Examples
:

.LY?fii?jpEfII?zmgnineon.

÷! x smoothly
. Hedlund 'D = eecxslunec xD }

smooth dependence  on X
.

First order derivative :

9¥ In > t It IFI > = OFF
,

In > t Em 19¥>

←

#lHtn)nImStso¥IHInStcmIHfE#
✓

Em Ex C MI m > = O heroine

CEm - It ) 1¥17 = ¥1- cm 18¥ Ims ) IM >
shoes am apt monetized !

= ,tr

Em wentIf
,

Ins - in > sniff
,

In >

"

#

-⇐n - It ) to > =Zin im > Cml film > El)-
if m t M then :

Pff > = C Em - HI
'

¥ .

im > am 19¥in >

=m€nE÷Emm¥mF¥
In >

covers Its ' Ghent

but there must be a term also  in the direction of 1 my
.

space  orthogonal
to In >

Yt is on arbitrary value
,

here denigrated by i Am

PITK-ianlmD-f.me/-Em1mscmlfYIlM#T

C D-
We

can died the correctness by plugging it boil to Eg Ch -



④ cheer : En- A) f-  i An I mDt¥n÷EmIm > cmlf¥ 'M >]¥¥nim > sniff in >

-  i (Em - Em ) Am I m > +2 En - Em

men EIEm Im > s ml III In >

!
€

.

im semi 9¥ ins =
¢

-
-

-

Recall :PITS-e-ianlmbtf.me#EmImscmPoYI1MFT( D-
check that if H

,  does not depend on x we get !

PIX > =
-

i Am In > ⇒ In CH ) =

EMM
"

lmao 's

When It does not depend on X
,

we do not expect eigenfunctions
to change ,

hence Ame Red
,

But note that this  is ee a Berry phone ,

charge of
"

irrelevant
"

phase . become multiplying hey Cml we get :

Most often this true  is  dropped
< µ 10¥ > =

- i An
because of 4 irrelevant phase "

.

For now me will avoid this term , and

unite

:# (3)
Q 10¥ > = £⇐mE÷Em Im > smi In >

-
when EffI - In > am I is projector to the rest of the Hilbert open .

How do observables change with X ? Gml O I m > ?

Me hone in mind on operator O that does not depend on
x eepliukly :

( eisen
,

pi -
-

. )

The positions of nuclear
'

change Rich
,

but p - - i 8 does not change
it 's form .

f-×
Cml O In > = I Olm > tent 010€ > It is charging

became it

⑦ hermit on

,
then CII loins

*
 

= an lot , = am , 01¥
depends on nuclear

.

RCH
.

and ⇐ L Mio In > = 2 Re ( Off lol M ) )



⑤ We  can also insert identity
I

2 Re

KOAIto
,

my
= 2 Re ( E MKMIOIM ) t In > snl Orm > )

ox Mtn TAN Fred
-

C- Ym

We got :
-

- Im

W-xtmom-26KEFQ.my

ca ,
con he dropped

.

Heat if In > is on occupied state
, me wont to replace Qm by more convenient

Q
ni:p.im/=t-mE.a!pim.pcml

which is independent of m .

FEEmiolns-nE.ua#TQaxQOmTf
Cs )

-
-

We mill prone that the  difference a ) - (5) vanishes when turning over all occupied states
.Xf'

Re

KFFKQn
- Q ) 01M > ) = ReCELIAm > Cmt 01ms )-21%7

,
Im > cmlolmst

.
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I
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.
.  

groupies t sniff> sirloins }
.
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- -

-1
Mtortured

£
.a) ThenExcmlm > = O therefore

Qm - Q = I Im > Cml

n' ten
Im > t sniff > = O

M
'

E  occupied
-

Xn=¥n
- empty > cmloem > tempt > smlolm >

ME  02C

It few Xm =

n§÷noEM01mKmB¥s
- simian > em PEE> =D

m ← m

danny variables



( 31 ) Polanizationelerirationfcontinuat.co#

We  derived before :

Their 14mi > =
- i einen sun , , % C Ei

"
H E

"

) lumi > Mtm
-

He Hate Hel une > = Eel Mme >

Multiply by

tunes
end run over m :

-

¥m tune > Sunil
"

tune ) = -

infment.eu/Mmi7CMnelFeHe1Mme#Mep:sYEm

.Fang

Qmiems=÷*mehm¥T

" I

identify 1ms tune )

X  =3
Then :

tune / Fml Mmr > cnn.nl Plumes =  tionPottery

C unit F Innis =
 tifun , I toffee > valid for any

Unit Mine

Ten : oimr tunes=tiQi route >

hence  it looks life we can replace f → if in mehie element of tiles€Ahere E-  - if .

> Matrix elements of I operator one : cnn.se/P1eemzS--CMmzlCif-z)lMme )

as long as m 't m !
We

previously derived :

⇐et%E¥:!7at

ME  Reap unoccupied

To calculate the change of 08¥ for occupied stoles we need matrix elements

of 0 only between
occupied and unnoaupied states

,
i

.

e
's

needs
only matrix elements : Curiel Plums . > hence mtm !

utnoupied Treepies

which is simply given by :

p=lif



( 32 )

Repeat : .EE#fcnpionEa.u1Q0mIfC5
)

I Itami .
ME  creep unoccupiedat :

⇐miss .

⇐ is⇐¥Ff⇐ae¥cnn.ir Innis -1¥,.fm?oap2Rek
-

-

mm over cell
cell stokes of

stoles in the
e crystal

crystal

Finally : ¥xP=fz¥r¥ss÷
.

folk
2hm I Q Fel Mmi >

BZ

Me went to drop Q = I - p
.

We will show thot c .
. I Pl - S is

purely real
,

hence Q con
bedropped .

Enea
.

I PE tunes = I soft .
I um . > camelFenner > Ethel .

a:c . wa I

Finally :
-

- let

1¥ -
- ⇒ E. .

.fi?ezYm0#I0fhIs
Meet me went to compute P for each state of the crystal ,

i
.

e
.

,
we need

e two point formula for change of D= Ppmd
- Pineda . Formally me just

write a P -

- fi:tIdX=f¥dx hence :

sp=

ftp.dx-E.sn?..f:n.f.akYm0fIIPT#7



" 3)
Lets see whet thin means for ID crystal life me discussed inthe intro :

A P=¥¥
.

am ¥5
-

ZD spare

Define vector

gmentitga.fi:) = :!
lol l O I

There ⑦
xAI Ex A'i '

- Fe Ain
"

-

-

isof.ie/oftnei-icuneio#umes-isfeunel0ffIS-icumefEunD--

ikooh.net#es-cofhfloaunrs*)
=

-

zymk0ftIl0ftIDstoeastheomm_ifds@xff-fou.A

shape Onshore
Here Is = olx.dk

%T%
.

c

µ B canal

" " " -

÷÷¥¥M⇒←
.

A-- op .

t.foxaon.ae
* oft.fi#xie7EeR.tf.!acx=FeDeoutf'oixEAFar=oD

.

DI ? - ¥ .  x
r

mates "c¥A4¥¥¥I=¥T
. A"'a=oDdx

A C
B D

crucial point Uma !
.

-_ Une ! because this  is the some point -

Hence Boned D segments cancel §mereftp.unce.az#D-CunCr=o3lFxMnE-oD)dX=O



" 3)
Then sP= - ¥ ?

 a

.jo/EfAmcx--is - A' "
a  ⇒

I
. Eiga

.

I[ sum .IE#!icumrPfI?!.?
Important  : We need to subtract value at 2=1 and * o

.

Hence P is

e property of the state ( up to eguontum ) .

Finally we can generalized this to 3D C straightforward ) to get !

=sP±
- ¥32fakeif

cnn.si#s!.icunePfts!!=-Eosfres?...0iax.-0iciaMC-oee

&×

BZ #PXBerryp.be#
Here me introduce

Berrycounection-i.AE
is Uni lofted )

Berryphaie :

Olinda
, e.)

⇐
§Afoot

k

Ptune :

rink
.  -

zyms
8¥

Some of these  quantities one not
gauge

invariant ⇒ P is lattice

vector gnarly
( defined up to quantum

Let's redefine

it#
is = Eisert µ , , ,

of P -

- Faf )

I
 '

' ME ) periodic function of & in 137, hence BC E- o ) - BCE -

- LIT
,

it
,

* I)=my

ate = is .mn. ein "

is E
" "

"m⇒=o¥e
.

+ Ai.
= i

Cine
giri "girl

"
I - i off, .

Conclusion : Ine is not
gouge

invariant lise vector potential Astor

What about
Berry phase :

( B field CBITE)
)

~ 2217A

Chi -

- foie . coffee
.

+ Aine) = On
.

+ fescues-slob
-

° arm wth m integer
Conclusion :

Berry phase unique up to 21T m given
ten

.

If Of ⇒ ton tztm then a PE AP
.

- ¥,
, ( IIs It ) 25M =D P

'

- . m

P quantum


