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- Conciseformulation  oof various useful approximation
DFT

,
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,
GW

,
. . .

.

-

"

Conservingfunctionals "

conserve energy ,
momentum

, particle number

on provide "

best
"

approximations .

-

stationeryfunctionals allow robust solution even when

implementation is approximate

Most famous Functional theory is DFT
. ( chapter 4.3in RM .

hook )
-

Yt is indirect approach in solving the
may body problem ,

in which

charge density gets is the central quantity to be determined .

Total
energy Let Teo ) can be expand ly :
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#tweet
X > t fois firs Vadis

E  
= 441 HI 45=241 Tt Vee t Vma - -

universal become

it has explicit from mon
- universal

F- ? - EI , ;
V -

- I ¥jkcni
- depends on

the " material!

• Hohenberg and Kohn proved that H is a unique functional of the

ground state change density gins . yn another words ,
there can not be tho

(1)

Potentials Unmeet) and Vniicr )
giving

rise to the same ground
stole electron

eternity f. cis
.

Hence if me snow guy ⇒ we know Venue ) ⇒ we know H
.

Yt me know  ⇒ these is unique ground state Hos end corresponding
E -

- Not Htt . S

is uniquelydetermined from get ) . Also ell ground
rotate properties one uniquely

determined by fin )
.



Proof that H  is  unique functional of fuel : Assumetheme eliot two potentials

Vniicrs and vii. cry differing by more then a constant ,
and

giving rise to the

some

f
. s . density fir ) . We here fttveetvnn! ' ) 14 " > = E

' " H
" '

>

( Tt Vee thin? I 4 "
) = E

"
14 " >

14 " ' ) end 14 ' "
> one different . Than !

E
" '

= LX " ' I H ' " 14 " > & L X " I H
' " 14 " >

← a

heroine of variational principle , any It ' " >
, which

is not
g.

s .
should give strictly higher energy .

We assumed Ht "⇐ H
' "

t Vault - Vmi! therefore :

E
"

-

- Ct " ' IH " ' It " '

) ¢ chest Hallyu > t CX "
I Vain? - Vmi? Ink >

- -

E
"

fancies. Vmi:c:D find
'

r

ee change us ⇒ CD

E
"

=L ya 't HH It " > & E
' "

t fanciers- VinerDf " " " "

sun the two equations !

which is absurd .
 ⇒ conclusion

E
" 't E

"

¢ EN TE
' "

Vmi! - VmY=O

We just proved that if we one given ground
state or

constant .

density fci ) me con wmguely determine Vance) end hence H
.

Since me here unique H
,

me could in principle find unique
HD and

any ground stole properly .

Hate H
.

K
.

theorem breeds for degenerate ground
states . yn this  core I you ,

"

"

and Hens hone the none energy ,
lot different density . Example

"

Mott insulator
"

.

• H .

K
.

also provedthat Elf ] reales miin the exact ground stole

density gets .

Proof " If 14 " > gives rise to dewy fakes ,
which is different from f.  s

. ,
me

have

E Cfd
= CX " I H 14 " 's L c yay H Iya 'S beame of the variational

principle because in " > is not g.
 s

.

none function ,
while

it ' " ) is
.
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: Kohn - Shou eueilioy non -

interacting system
.

The seat of
. s

. density it represented in terms of some non - interacting

set of orbitals ; i. e.

, girl
= If Vici )

IE  ooo

The kinetic
energy

is then expressed ly

Tipp
-

- E

fliers
C-En ) 4. choir

i Eoe

Therefore

ELP
-
-

Ea
.

flierst Entrances ) tier ) t E
"

tf t E
"

Cg ]

where E
"-

If ] = Effff¥soPrd
' "

is the Hartree term .

E
"

Lp is unknown functional .

It 's exact eepnenion
is

E
"

CSI = ST ) -

Tip Cp t ( Vee ) - E
"-

If ] end is rather small

become LT > aTip Cg ] end L Vee > a E
"

If ]

Moreover E
"

Cfl is universal functional ⇒ can be computed in any simple

interacting system . Idea : Solve the uniform electron problem
and

determine Execs ] and we it in any
materiel .

Unfortunately uniform electron gas
is not solvable exactly ,

but we only

Snow numerical value of E
"

[ g ] where gins a constant density f- A  constant

in  space
.

Idea : Approximate Ex
'

egg
= foprgcisexcgcrs ]

,
i. e) to each point in

spell we can associate energy density excggcrs]
,

and it 's value depends

on change density at fuss . [ does not depend on faith ]
.

This approximation is called " Local density approximation
" LDA

.

From solution of VEG we Know Ekg ] hence we con now solve DFT

leg
meh

'

on .



We one looking for the minimum of the functional ELP under constraint

that k .
s . orli heels one normalised

.

Hence we can perform.  constraint

minimization :

IFEia
. ( ft:ceixicesopr

- I ) = o

osteitisNote that
off can be mitten as

org
Enters

,

O -
- off !Elp -

eiftHI-fz.fi?s.fxi*crstEntVmdis-ei)4icr3tEttlfItE
"

Cfd )
r  e

-

- C - Ethan -a)trees t IF
"

's 'tFEEF)EfeDefine EE§lP= V
't

Eg ] v "cp=fffa ,

ok '

EIJI= V'
'

4g ] v
"

Cp
= Exceptg

. off
"

hence :

( - Emt Vm .ci ) t

VittVIE
- E) Heir ) -

- 0

This is Schrodinger egret on for a non - interacting system .

Note that DFT

is
"

interacting theory
"

because rxcqgy has go be computed self - consistently .

All correlations one hidden in this V' Ef ) function .

Note thot thin  is actually a Dyson equation for the Kohn - Shorn
green

's function

Cgo wtf

t
E - Vma "

ly
Ccg

"
-E) g

-

-

I in ,
rt ) = [ V Hii ) t Vxccpy ] off -

ri )Yei' -

- 2e 4. ces I - oysters
,Elwyn-1VIII.suffixingtf

- Ee
- Er

Exec " Tiffani ins = re . is

because  ye one  a  complete basis
,



We proved thot Cgi
'

-E) cg=
I ⇒ g-

'
= got -2 here

this equation  defines the Dyson egret or for ily = sees ¥ a
tech

One can define a ferret oral of this
green

's function lyin ) ,
which

fires identical equations to DFT
,

but it becomes than on approximation

for excitations ,
not just the ground

shook properties -

The functional is

Fogg
-

- Trent - gi- Tr C Cgi
'

- g-
 

Ty ) t E
't

Cpt E
"

Cp

where first
= lgctr.rooff - ri ) orcs - T

' )

optimizing the functional ofIg=o gives

a- Ffg = g-
'

- cgi
'

t
offy off ( Ekg t E  "

Cgs)

=

Ej
'

- cgi
'

+ ( v
't

+ v
" ) see - is sci - i 's

hence Ziti ,

'

r 't , = Cutters, + Vxccis ) fir - F) Scs - A ) which leaky shows that

T leg ] delivers the some DFT equations
and the some solution .

But here we get ego ,
⇒ as approximation to the single pedicle

green
's function ( bowl structure )

,
not just the ground

state properties .

However
,

even if the etat E
"

cop is snowy this Junctional is still

on approximation for the spa he .
Me mill show later whet

is the exact E
"

cog ] later in this chapter ,
and me mill

contrast it meth E
"

Cgl.

Most often med approximations include G GA and make - GGA 's
,

hybrids ,
DFTTU

,
DFTTDMET

,
n -

-



• G GA : The functioned is parametrized with more freedom ,
out

E.
"

CP ) depends on fcf) or well as Pfe )
,

i.  e

,

E "

Cfl
-

. GE"

[ girl , refers ] gcisor
A few conservation - lows and elect relation on used too determine

unknown coefficients .

• mete -

GGA
i Exact ) is allowed to depend on

the binette

energy pet exe C gets ,
THEM )

• DF TTU : Functional depends on the density matrix of the

"

correlated orbitals
"

of a heavy atom :

I

E
"

Cf,Hui]

I
where Hu , Fee

. .
.

GoProPr 'Xe*cT)

Yeti
Ecr -

risk
,
CEE) tech's

One obtains on Anderson - life impurity model
,

which is

solved
by the mean - field .

• DFT t DMFT : Functional depends on the single particle green
's

function of the " combated oditols "
or

" correlated clusters
"

.

E
"

Lg , Eiger,
in ]

Boyers,
" =

q.y.us, cgascwsgicrs
where as one the

important degrees of freedom treated by DMFI The generals
at

Anderson impunity model needs to be solved numerically

by on impunity solver .

A true -

many body problem
remains

to be solved
.



Baek to search for

betterton

- DFT probably is the must successful. functional ,
and is

a functional of gas ,
therefore by the construction an

give only ground state properties of the system .

No excitation spectre available .

- Functionals of the green
's function con give

the ground stole
,

as

well es the mingle particle recitation spectre . They can
he

defined by the
Feynman diagrammatic technique .

The simplest is the Hartner - Fod theory : Of =

+

Hohner For

or aw : to -
-

+ t t t

- Exact functional con be expressed in

terms of Feynman diagrams
and is Grown .

But

difficult to endnote . you principle can give
on

exact solution to themay body problem .



Gener-Vstahonaryfumcdonals-ofphysicolobserroblc.SN
e will borrow the concept from statistical plugs ios

.

we odd the

source term
,

end then perform the Legendre transform to

obtain a stationary functional at constant value of the

physical observable .

Example : stationary functional at constant density
is

the

free energy functional . If the particle number is not

conserved
,

we nod with Gibbs free energy ( it this

context it means in the presence of the source field jet )
.

• Sousa field It  → A - pan where y
IT is the roure field

- The free energy in the presence of the source term is the Gibbs

free energy

Rfid = Ffa ] -

je
N - Legendre

transform
to eliminate

the
Towne

Cp ) in favor of observable H .

where

E BNP
= z=Tr( e-

BCH -8
" '

)
Then

off = - z¥E"" ' Is = - suis = - a

- The functional Fur ] is the Legendre transform of the Gibbs

free energy
out is stationary of constant particle number .

F-I HI = Reg ] tf
H

FEINT = Ig ] t Sg H t pork = - Hory the org tf ok =p
EH

hence TECH )

=P and vanishes when source term gin
is absent .

( or 'E=o )



Example : A mingle particle observable On
.

- Source field H -pH → Hyuk typo
source observable

- Free energy in the presence of the source term is the gills free

energy !

Earl

?
z  = tr ( E

SCH - pH ) - see 8)

REMI =Flees]

*
u so > Legendre transform to eliminate

the somme in favor of the observable .

Then EI
= +IRE n = so >

EM A Z

- The
stationery functional Fco ] of constant observable O is

F- GOD= Rcn ] -no >

owl small variation or Flo ] = orren ] - µ or O - O Sir = - M TO

hence F  is functional of O and it is lstotionay when u is set to rent
.

8¥04 O

hero

Example : ymhooluu spatial and time dependent source term to get

functional of the green
's function Ef .

- source field : s → s t

follow
nttcxsycx,

x 's Xcx 'S

here x stands for CT
,

T )

- The gills freeenergy
in the presence of the field is

e-
is MY ]

= z  = gout e-
S -

follow
nltcxfcxx's Xcx 's

d¥y
=

-

tszfacxtx] Es
- t -

ytcx.sn/cxs=tfXcxs4tcxiD---6ycxx'It



- The stationary functional

They
] at constant physical observable by is

Pup
=

prop
t Trc g - y ) -

-

srcyltfdeouigcx.xyfcx.is

We eliminated the source y in favor of the observable 4g in the functional .

The variation of T is :drag] =

soryg3tfouow@efcxix5ycxhxItcgcx.xnorycxixi3tfffcgcx.x

's

dyed
,xD de

hence
gpcgy

= Trc Jeff )

m

r.gr#,....ofIIg:t:gYa:tEiiiiiEiiii

" " "

energy .

-
The later is clear from the fact that

at rly -

- o ] = E ⇐twig] I .

Note on higher order correlation functions
I

"

-

Higher order derivatives of R con give two - particle correlation

function or free particle correlation functions .
. .

If evaluated through derivative
, they obey

conservation tons .

§g÷¥×igoyc×#
= -

5G¥z§×
( t faxing E

s - fu "  ⇒ fix " t " "

ya , , y

oryx, xis Zap

= to tzapfhcytxy e-
s - fade ' # " ' Y'

" " " "

yup , # ×
, , X xtcx ,

- to JDC they e-
S -

-  '  .

xcxisxtcxaztyyzfpqytq.ES
-

-

Xcx is Xtcx , )

= Ltycxi, xtcx.sn/cxisXtcxs ) - stycx.yytcx.DE#cxilttcx.D
= L C M2

,
a

'

,
27 the connected two particle correlation function

This is important to prove conservation lows
.



One standard may of approximating functional Tag ] is to use

( Thou less - Anderson - Palmer Eg .

in  spinsystematic et pension .

glasses ; drivel
symmetry breeding i - QCD )

We split the action in terms of the solvable pent so out the rest is S
.

then we mite
s -

- Sot

xastffxty

X
where X is varied from 0 to I

.

At 4=0 we here solvable problem -

At x =L me bone original interacting problem .

When we

very x we keep by
constant end odd some field J so

as to seep Cg tired . At x
-

- I we set y
-

- O no that Cg is the heat

green
's function of the interacting problem .

• At a -

- o
,wehave

s=µtgotffxty.X-ffttl.gg'H g-
 '

- AThe
corresponding by -

-

Cgi 't
Yo

• At X -

- I
, we here s = so + as end me set Yai= O IN

that
Railey ] is the

desired
stationary functional .

At 7--1 we Snow thatclj!ily ! - E
,

where E is the seat

self -

energy of the system .

To work at constant cg we this see that f.
= - 2

→

E etat

source term et reef energy
D=  O



Systematic expansion could be carried out :

P CGI
-
- rough xp

, Capt
-

. .
.

Jogi
-

-

Yong ] txf , cyst
- - -

We could me perturbation theory to determine order by
order what is Tag ]

.

Alternatively ,
me can split

Toga Recep
-1 any ]

- -

To = Tivo ) correction  due to interactions .

What is To CGI ?
-

No Cyo] can be calculated from !

e-
MY "

= gouty, Eff# Cgi 't fo TX which is guowhohie

and can be integratedby Youman integral

The result is f put ,
E Ht G

"
t

= Det g-
I therefore

- A Roly . ] = en Det ( go
- '

t go ) = Tr bug
- '

= - Trong
Yrudeed , for non - interacting system Do = . FTFew

,

.lu C - in  + Ea ) withg-
 '

= i w - Ea

Then we have

rocegt-sr.ly. ] ttrcgg . ) = Trong
- Trigg)

become fo
= - E

Finally et HI me write : Tagle Tr buy - TRE g)
top Leg ]

-

-
We mill call stage ofCgl



At x -

- I we thus have : Tuff -
- Tr buy - TRE g) t OILY]

where OI is what is being added due to interactions -

We
previously defined that at * I y

-
- o ( beane cg

is the meat Y )

end therefore
Efg f-0

x -4

Then :

ofIy=

Egfrengl
- Egg - E t Idg -

- O

-

g-
*

At x -

- I
og

- I got
- E.

and hence : g-
 -

=

# Ey therefore :

a Ig -

- g-
'

- g-
 '

- E -iffy or s=o¥gD
We just proved

that Oleg ] is
generating functional for E

,
i.e .

,

E is obtained by cutting og propagators in cell possible ways .

Since E contains cell skeleton diagrams , Io has to contain ell rhetor

diagrams for the free energy
.

Example !

E = I
+ . +

+
+

t
t -

- -

c

is
s

to tea t t t 's t I t

6

T
'

Hole that 845 100

Fg generates several terms :

Eg
: iii.



AHernativeelerivationm.ithpowercouuh.no# ( Chapter 9.8
.

R
.

M
. )

We start with coupling constant integration

It= IotX Vint

and E
BF

= Try e-
A C Hot x Vint )

)

III =  tff'

z Tr ( EB
"

Vint) =L Vint > = ¥42 Vint )

On page
13 we derived L Vint > =Iztr ( Ecg ) for general inbreeding system -

We
can then mute :

ore
Fx

= I{Tr ( E
, cgx ) where both E and Y

"

need to be evaluated for each X
.

and F  = Faro ) t f
"

Ix Tr ( Ex YD

of 2. Log ,
we] or derived by Bayan

- kaohenoff .

Using Feynman diagrams technique ,
one con expend self energy

in

powers :

E =

+ . +
i

+ t
- 

'

.

✓ ✓
m =3 t .

-
-

M = I µ =  2

a x we a Ivi a Ivexsmcg.ir
, Igav, IEH gives

⇒ E : = §
,

In
'

[ gave ]
.

Note s is functional of Gx and K
.



I= §
,

in ETYak ]
y pass

Then :

#E=
I fix ¥ Tr (

Emig
,

vi. g.)¥I Intr (

Ekg
,

vi. gx)

••E.fax In FIN

stigma
.

gx)
by parts

ol v -

- da Ia
"

m = Trc .
.

.
)

v= Ifn our = off
,

Trc -
.

. )

We define OILY. ] = I In Tr ( IE . gx ) so that

HE

-

- tongs - E. fix

EntrapEg:
"

Ffi '

te
" FIT

-

Meet we want to
prone that 86

Tgi
Ex

,
ie

. OI is the sun of skeleton
)

free energy diagram
.

.

From  definition Ed
, EEi@tIfgi.gx ) I E

,

follows :

org

Crucial point : off,

. q*
cab one of the propagators

and puts the some

propagator
bad

,
hence we get book E ? But there one

may ways
to cut

, namely
kn- D map .

YiEgil =

i

+ + =e÷"

GE
m

Yt follows that :

Toga
.

Efx
= EM- D I and therefore cfffgt

-

- I
,

nisi  
=3 ?

es promised above .



How continue with :

AE
-

- Iolg ] - E. fix In Tr ( cgxEg:
"

Ffi '

t E
" ' FE)

-

@m - D 2cm )
+ Ecm

hence

at
 =

Iocg] - NI
,

Itr( sin! ¥7 zm¥¥
or X

which is

* - Ioc get
- Tr Csi. × off)

once more ly parts !

f  = Elegy
- Tres . g) It !

"

dxtr C Ex Gx)

here 2 ( x=  o ) = O out ECx=i ) = I trance

• F- -

- OI CGI
- Tres g) t flex Trc off g.)

How we

guess
the lost integral Rex, = - Tr ( ln ( I -

Yo
Ext )

%¥'

Tra-

goExt
'

go IF ]
= Trl Cgi

'

-2×5
'

Eff ] -

- Trc gift )
therefore flax Tr ( off, F) =

!
'

off, oh = Rcn - Rios = - Then Ct -

go ED

Finally F  = Fo + foggy - tr CEcg ) - Trendy. g
" )

and
F-Tren g - Trc say ) t OILY]

To make it stationery functional of Eg we we E = Got - kg
'

to

eliminate I in town of Cg
:

F Eep
-
- Tren y - Tr Kogi

'
- egg g) to Cg ]

How we can check
ofIg= y

- I
-

go
"

t offley
= g-

'
- gotta = 0


