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Short note on the grand canonical ensemble
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③ Dynamic Correlation Function
-
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How for

Matsubara
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Analytic continuation
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⑤
Properties of correlation functions-

back to Lehman representation
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⑥ For bosons it  is convenient to rewrite :
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⑦ Response functions from linear response ( Kubo )
-
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⑧ More careful real time derivation of causal response
-
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It is the lowest order correlation function with the simplest analytic structure
It appears as the basic building block of Feynman diagrammatic technique.

④ Back do the Single particle Green 's function
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④
Which guard ties can he computed from Gems ?

-
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 i w )

y
need to add proper

 constant

to more it courage

Is Get
,

T) = to ? ft-

i
w ) Eiti Get

,

i w ) t - I ] at T - so

< Vee ) = Its.§§d5r( i w - h . ) Get
,

i w ) - I ]

Definition : Tr ( ①G) = to ,§foPr ① Get
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'
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.
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5) Total energy : LT Steve e) = TrickettE) G)
'

I comes from two body interaction

G) Grand canonical partition function
But only if milling to integrate

over coupling constant strength .

It contains entropy s - - Est Ttcflnf) which measures
" disorder "

When density metrics has eigenvalues I and 01 there is  no entropy - When cell

eigenvalues one egad ( and not o on 1) the entropy is not imd
.

Con be directly computed by Lattin go
- wool approach ( mile me later )

.



④ HIHIt x feeand x nice he set to unity at the end
.
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HE )
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.

U
.
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[ →HadT Thor
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detected function
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But this  is really bored on maiden approximation .
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,
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in the solid qq.ws - f fat i

castits
,

Nco
,
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i

T

measures negative energies
T
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how it propagates .

GIL - wt - flat is [ tech
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,
oil ) Et

Tinto
whir cqw ) mill hole relax

But here we do not  care  about outgoing electron

y

Head to odd matrix elements a

boris for electrons  in the now

Kyi
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comf-a.FI?ghdfoeo.-E goes
to detector

paonemoney >



⑤ The two particle Green 's function-

Gz Crit
, iris: Titi
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- SIX crisis Xtra XTrYET 't 'D

Short
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:

Gali , 2,41 ' ) = - LI Xu , yes

4%44'D
)

#  
r  #  , - r  -

Can express ell other susceptibilities with Ga ;

Xchange C I
,
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2,24
a
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)

Aspin Cl
,
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.
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,

.MY#n2s.si4sf4>

=3
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.
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2
,
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,
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)

-
.

- . - . -

Retarded Equivalent lek
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,
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. ,
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,
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,
- to )

Hair.in#..iy4cn-s-xtiristHcrI-d4IritiHaiin)Homework
¥It The genome are is a mess with uterus !

-

Using Lehman representation show that GE is analytically

continued equivalent of Gz

- - -

Usually we calculate so - called connected part .

'
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in

iii.
Gal 112,2

'

,

I
'

) = G Cl .
,

' ) GG
,

2
'

) - Gci
,

2) Gk
,

I
' ) t LC 1,212 'll
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every rod seems to define tee signs

and ondes of simple Nighty differently .

ft t Ent tht t Dint-it t Toft .  -
.



⑥ fc2.M.ceuep.br#T

How detour to alternative representation
Correlation functions → wavefunction

Some basic properties of the
many body

W
.

F
.

-

Most of physical observables con be described
by

correlation functions .

However W
. F

.
carries much more information and is

very useful in

proving many henie theorems .

It me know the W . F
.

we can calculate any
correlation function .

(snuutulleompeesio.yggghwig.wffgpentn.ee:{'off quantum Hollett )
It me know cell two particle ( and single particle ) correlation functions

we still can nut wite down drone function

How brand is to tabulate the W .
F

. for H electrons ?

3N dimensional function .

Assume each dimension regains000basis functions

then 400 ) ""

complex numbers .

Lets write Iocriz ,
Ez

. Bz ,
. .

.
 F. 2.) = OIC x

, xn . . . x. ) = OI ( X )

Here me mill me Ri ) = X ;
and X = E Xi , Xz

,

.
. . . Xx )

Below we will list basic properties of the multipartite move

function .



⑤ Properties of multi particle 0 for fermions
-

1) Anti symmetry
: Olexa

,
x

, ,
.

. . . ) = - Olcx, K ,
- - -

- )

2) Obeys  

symmetry of the associate space group

- normally group of H
, if no broken symmetry .

Operator A : If CH
,
AT =D then

Hol = E 01

and Alo = • of
rinnetoneoashy eigenfunctionof

both
,

a is a good quantum
number

3)
Continuity

i wore function and od of their derivatives ( Ex,Exi . '  - )

one continuous at cell points ,
except at points of

coincidence .

These one points where T
,.=rj ( for two electrons )

or Pi-
- Rj ( electron et a nucleons )

.

" ) At points of coincidence ,
the wave function satisfies the

"
Cusp

condition "
.

( Hon . analytic points in space ,
which come

very
slow convergence of most basissets )

We com tix ell points Biru
,

.
.  fr. except it,

and B .

We express
the relevant

part of the Hamiltonian in terms of interns of ri ,
're and me intra

After long calculation ,
one can obtain .

'
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,
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,
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'

in . phenol coordinates )

#

+ 29-92%5%+2 Firm rat =  diverges
when neo

+

h¥tzf÷
)

= diverges when r
,  ⇒ o

H  = - tahini ) t ez - Eff - ZE t .
-

-

-

H  =
. .  -

- -  - ter
,
Er

,

- ZE
,

- ¥
.

# + Frat -
-

.
-

-_ =

We must have Hot € a therefore In ( Er
,

-1 z  e) 01 -
-

count

TIE - E) to -
const



>  -

④
Cusp condition is

e ) 0¥
,

= - ZEO !
,⇒ ,

⇒

Olli
,vi.

.  

#
E

" ""

lock ,.ir
. .

. . )

we set  Rico  above

b) ¥! = Elo I ⇒ Quinn ,
.  

a

Eir
-El air ,

. . . )

Ir Fru
cheat lol =Enact cusp ,

r ru

non - analyte④ very
hand to 0¥

.

-

.

Elo

opproeimote with
any

finite basis set
.

Also the two particle response function one affected by

MI
,

xcriird-xcri.rs in

WP

homogeneous system

Xin-ED non - analyte in nm .

Xcg ) ~ IT  ⇒ Xena - the very
slow fell -off

5) If no . Soc and no B field
then 01 can be chooser real

.

Otherwise 01 is complex .

However
, complex Of might have better convergence properties .

So celled
"

twisted boundary
condition "

con make finite system

a better approximation for infinite system .

Yt is also crucial it the

system her finite polarization ( " Modern theory of polarisation
"

is based on the Berry phone )



④
Example : uniform electron goes

with spherical term: surface and 6×6 .

sites

in 2b
.

The first BZ would look life :

i

¥
 

a-
 

to
.

- co- to-

•
.

.

periodic • . *. ooo. •- aa- -

•  • a-• -

- o - a - 36 r - points

=:*
t÷÷÷÷÷÷÷÷÷

*÷
.

. .
. ÷⇒

•

it -215
O IT 25 IT

. periodic boundary
conditions

r.edu/#Tf0cIthexim.--I=0ai.rii---
)

- twisted boundary
condition• yHE. O①10£ Critter ,

I . .
.

.
) = e

" " '

crime ,
. .

.
)

where WE C- I
,

I ]

differ for phone cjkxl

Condition for periodicity L .q= 2mF

to freedom

L= a . H

2mF the

¥¥Ei±E

.

he  =

a-

⑥
 

⑥
 •

⑨
 

•

£9→
 
&

⑥
 •

• car.

•
A

ooooa•OF shifted mesh for N×=E end My
= E

-

•
.

• to rod
.

• A÷÷÷÷÷÷÷÷÷÷i÷i÷
m , . .am .mn

www..co
.

.
@ io 9 .

•
•

G

E - Exert it -215
- I 0 if I better convergence

.

lot

!
Ad.  m

-

Y eh for non
- interacting system

to
- h -

y
with 13 electrons\

mttmin
I Led B. C

.

10
100 1000

H

twisted B.c .



② These is e move  important property
associated with the twisted phase .

Yt con distinguish metals from insulators .

Kohn proposed :o) Gm insulators the energy is independent of the thirst

( because electrons

one
localized )

We can define the
" center of mon

"

L Ram ) which is

well defined,
and

gives polarization of the system .

( Rim > - C Rams C -

b) In metals the energy
increases with the twist

E t - 2b V
"
? O where D is the Prude weight .

and ( Rams is not well defined so that

( Rani ) - Crans = - and the system

hes met velocity .

The center of mess is proportional
to polarization of the system ,

and

is
given by the Berry phase .

It was first denied by

David Vanderbilt in his
" modem theory of polarization .

"

C skiE⇒:fakJmknife .

units -curing:B
← T

final
initial

Here use ,
is

,
. . ) = Eight of or , ,%

,
. .

. ) in complete oueloojy with

pine t

eigenstate of H non - interacting system inhere
factor

with Mein ,
I

,
.

. . ) periodic Yeah =
Ci

*
Mein ) with

Ucf ) periodic  in Hell
in Vell

.

( 61295= ¥¥ , folk Ref see .net Eames - cnet.me > For .name ' }



④

Moelernth-coryofpolanizats.co#CMTP)Pvidsbookbr6)J

All equations one  going to be derived for non - interacting Hamilton on

HK = Eye
,

where crine > = years ) is none function for e single particle .

All find egestion
translate to

ninety particle system with " final
"

modifications ,
like using ⇒ use A

,
I

,
.

.  . %) .

However
,

the MTP is defined only through the were fandom and

its phone ,
i. e

, Bpeen
.

No formulation of polarization in

terms of response functions exist . Knowing Get
, ,

Pa) seems
not

sufficient . Probably x cry
,

§ and enough
either ? Openpnotbn

!

shortinobemsinefningporizo.fi on

Heine expectation :

Paf
face folk Tf

,,
µMimwm§fendsdihonjhchoice of the  unit all

.

all

⇒ for solids it is diverging

1) Non - wig news of polarisation .

consider He U ID ouoloy
but with completely

looked charges .

For completely localized charges we can use Pm
.

¥imitate,
I ¥

F- Fuel - E + Zf ) = fee . E ) P -
- Fae ( E - F) = Faa t  E)

Which one is comet ? It turns out P is  defined up
to P ¥Faf .

given a system ,
we con nd define it more precisely

then
up

to I Fae
.

Don 'd calls such quantity
" lattice valued vector

"

,

which con take values

P -

- Cpo - Mft , p .

-
' miff ,

.  .

ipo , potful . .  - )
M - so



⑦
This is not a problem ,

become in experiment we always core about the

change of polarization.

end not the obsolete robe
.

The change 0¥ . J is  cement that flows through a wit all

Imagine we tore our original system of changes and transport one unit of

change from atom I → 2 → 3 - s - -
-

-
. f-  e.  at

⑦ -0 ④ -0 to .  .  -  -
-  -0

won an

after that
operation , the charges of theitem are the some

,
hence the some

polarization . But me transported on entire gwent of polarisation ,
hence

longe current
.

Polarization oakeley changed from

P -

- Cpo - Mff , po
-

' T ,
.  -

ipo , potful . .  - ) m - e
-

too !Cp .

+ Eaa - feta , pot # -

c F'fee , -
-

-
. ) n - o -

but P
,

= Pu hence we see no Irony of the system .

Hema to calculate polarization ,

me need to follow the evolution of the

system with external field Theoretical calculation should fine

E  = - Eo E
 

=  TE
. p p

#:.

DX
# n

* mmmm ¥IIe .

P extrapolated PCE -
-

Ot ) wrong
branch

,

- for infinite domain n the result is

I wrong .

E pfgwa.hn -

- gaze Keef'WHYY
g¥⇐←⇐• ← extrapolated PCE  = o

- )



③ How we know that the change
with displacement should be measurable .

Let's calculate it

T T
I to 3Fof 3ft d

Be Fuel - Et 3ft d) Be Fae ( Et d - ZE )

=P
,

t Fae . d PE P
,

t Faa 'd

P2 - Pi =

Faa . d es expected and is unique .

-
-  -  .  - -

 -
. -

Why is P not sew when there is no displacement ?

If the system has inversion

I . p =p
Ym~hy I

then P has to commute with inversion

If P = Face( - m
,

- met
,

. .
.  .

,
- I

,

o
,

I
,

.  -
-  .

. m - I
,

m ) bin n
→  -

then I . P = P

If P -

- Eee ( - Mt I
,

- me I
,

.  -

- Z
,

- I
, in Z

,

-

-
-

m - E
,

m - I ) hmm →  -

then I . P =P

These one the only
two possibilities .

Either integer or half - integer gaonhm .

- -

More realistic system would look like that Fig
below

,
because electronic

cloud is nut point -

bite
,

lent it mores end spreads .

two electrons two electrons

•

to d

t  &

T
Wennie function It turns out that the details of the Monnier - function do not

with center et Er - D
-

motto only
it's  center of moss ploys

the role of displacement .

If  are calculate Cryer -
- fou Nix , x Next = E - D

Then :

Pz = fan ( q - 2 ( E - b) +3ft d) =P
,

t Fm(d+2#
e.tree charge due to movement

of Monnier functions .



④
Whet if we do not went to construct Monnier functions . Can we

compute P ?

Yes ,
there is formula in terms of Bloch states

,
which can he used :

s Ps-

- Efoir

www.wncis-ff-ggzfoprsumeiliffnt

) CD
M  E hand M = honey

Ymca) =
eieneemecr)

p t

Blah wit . Mme Cftr ) = linear )

Solution of s
.

E
. periodic port

We will first prove this
identity a)

,
and later introduce more rigorously the

polarisation operator in Q
. M

. formulation .

Proof of Ch :

Nannies function for on isolated loud

MmEih=¥ge
, fops Ei 's

yn.ir ,

Hole also thot fopseirik -  '  I ' '

=
of

, , ,

Leafs
BZ

T
Kell

BZ reciprocal

q Ei
=gye GTI

T2 Hell

Let 's cheer

tuipmoe

• ( Mnet Unites =
foprsumilrscilnnaes-foprfxnec.ge

* #⇐
e-

" * ' "

)
cell

cell
fir

= fopre-ixnfcisrk.ci
)

all

• Mince - D= YET , !
 

ease
 Eiti yn .

⇒ quince
- rise = xm.ci )

• s Mnet Unite > = faginEitiqq.eittwitcr.rs
ei wine - ri )

-
depends only on  I

'

-E
,

hence we an set E =D and coerced 't
.

= foam
Ei qq.it

*

wit card miners = §
Ei

foirwncremeii-w.ci
,

=• expend both rites for small I :
hmm I eihrlwmco D

{ kneel Unset t.f-zunettlh.EE) Mnet . . > = §
Eid } wacky I -

ihr - Hirth .

.
I was >



⑤ Previous equation  is valid for  

any
I

,
hence

< unit lines = §
Eit 't

Cwm cist who , > = I

i Lumet Femme > = §
Eiht crunch it minion ⇒ Y÷§eiunset if une > ope = twice

-

nil Wmca >

- Lun, , f÷, um . > =

§ Citta winery r 't win " ' > ⇒
- V¥⇒ feisty µ.se/IEunDoPe--swncr7lr4NncoD

Finally for the home cell

F-fwnce-oil-lwncr-oD-VF.fopecu.se/ifzune7
es promised .

This is well defined only for imolotos

F- =L minion r 't Wmc D=
Veadar

, folk C Mnet - Fel Mmr )

Fluctuations of the Monnier  centers
.

- - -

Me here a secipy to compute P
,

end me Snow that only AP metres

sense
,

which is :

Sr find - crsims.ee = ¥¥s folk Kuntilifelines - smile - famines ]
But we do not bone real understanding of why P is not uniquely
defined and how is this connected to the

Berry phase .

How this follows from general lows of Q
.

M
.

?

- -
-

Back to the guest on of why p is not a simple correlation function -

We expert : pw=fzefd3rTigers end for
cell

Ament m how : Jet , =

faafaaoprjcn,
t ) where we here in mind slow adiabatic

change
with time

,
so that we on

when me study turn always in given
'

equilibrium .

on voltage ,
the pontine

ions slowly moreto new

positions ,
which allows the

ament to flow .



④ Than : or P -

- I Et should be obeyed

EPH ' = face folk I Ife.

rt continuity off = -

fig
loud change conservation in  a

.  - tfaufoprr @j ) rt
unit all

.

-

J fi.j ) = j trop

Soir Jing ) = foPrjtforr.co .

j )

Veil Van Vall

I:East.

p.y.ir :c

-
ftfoirffois

Or

or PCH - - true

grip
.  

oishtttueufoprjrt

✓
The true cement we observe

non - zeno

in  experiment

during adiabatic

evolution
,

become

www.t flows through
the hemp le

( Jujus
.

- o but ftp.ocs ) is not )

But we need to here off = then foprj = Eze for E. M
.

to be meh 'd .

The cul print is the p punk wk in defined I in the equation that

grows and
diverges , is not all periodic .

Im treating isolated

modules
,

where boundary is insulating ,
me con use

P= folk  P
firs become the Anfa term vanishes . But in solids it

would hone the from P -

- § fol
'

r I Higley? c 4

ill defined for infinite now
.

c-  aura

=

Eames
,

milks which is

Conclusion : we need to start from oberoeble we Snow how to handle
,

the arent I end derive B to satisfy I
-

- off



④ I = III =

GFI
9¥ = i

she
- in -11¥ Head 0k¥ !

if. of ei HtI Ei Ht
= i [ #,

I ]
← →

Heisenberg operation

< 4ns.

I Irl 4mg> = if4mi I HitXmas - C 4mi
.

ITHIKE > )

= i CEN - Em ) cxn , in , xm , > (EYEEnce ,)
Hence : Uni

IF14mi. > = -
i ftp.t?n1XmeI valid for men

-

i

Find object because R -

- Em = - in #

Use Bloch 's theorem xm.cryeeirun.org where uns is all periodic .

them

< tail I ix. = foin nieces

unitsA Ill

periodic
Idea : Replace ire by 2¥ .

do cell periodic

Ched : ¥ ( Eiht Heist ) = . i Eiti cf H - *f)
dirt =  i Eit :c * in ] eid ? E

 ii.  in eisi

These is  no term ft heroine in this representation H=§nFt¥aCD  t

.§ Kai - rj)

Hate that EitiHeidi is all periodic ,
beene

Therefore : oh , I 11 Xm , > = fopr nine⇒ % ( Eiti Heit
"

) µ meet ) -

- sun .
I % ( E HeirHume)

( 4mi IT 14mi > =
- i einen sun , I # C Ei

" Heidi Hume > men
-

He Hate Hel une > = Eel Mme >
-

For pollination D= Fauci > we would need gym .
If Hae > which we do not have .

However, for the change of P ( g¥x ) only off - diagonal media elements contribute ,
and

me can definitely compute off
,

one to movement of atoms . To do that ,
me

need to repeat perturbation theory ,
i. e.

,
how to compute the change of the

W . F . under adiabatic change .

.

I 1MW >
ox



⑧ Linearresponsethroaghorelinaryperbahonth.org
We have a variable x

,
which changes

the system adiabatically

( bile electric field moves
atoms in the untcell

,

or momentum

Arranges

Ume )

How do eigenstates change or a function of x

?
Inca > eigenstates for current value of X

Hex , Inca > = Email Mix 'S

{ Examples
:

.LY?fii?jpEfII?zmgnineon.

÷! x smoothly
. Hedlund 'D = eecxslunec xD }

smooth dependence  on X
.

First order derivative :

9¥ In > t It IFI > = OFF
,

In > t Em 19¥>

←

#lHtn)nImStso¥IHInStcmIHfE#
✓

Em Ex C MI m > = O heroine

CEm - It ) 1¥17 = ¥1- cm 18¥ Ims ) IM >
shoes am apt monetized !

= ,tr

Em wentIf
,

Ins - in > sniff
,

In >

"

#

-⇐n - It ) to > =Zin im > Cml film > El)-
if m t M then :

Pff > = C Em - HI
'

¥ .

im > am 19¥in >

=m€nE÷Emm¥mF¥
In >

covers Its ' Ghent

but there must be a term also  in the direction of 1 my
.

space  orthogonal
to In >

Yt is on arbitrary value
,

here denigrated by i Am

PITK-ianlmD-f.me/-Em1mscmlfYIlM#T

C D-
We

can died the correctness by plugging it boil to Eg Ch -



④ cheer : En- A) f-  i An I mDt¥n÷EmIm > cmlf¥ 'M >]¥¥nim > sniff in >

-  i (Em - Em ) Am I m > +2 En - Em

men EIEm Im > s ml III In >

!
€

.

im semi 9¥ ins =
¢

-
-

-

Recall :PITS-e-ianlmbtf.me#EmImscmPoYI1MFT( D-
check that if H

,  does not depend on x we get !

PIX > =
-

i Am In > ⇒ In CH ) =

EMM
"

lmao 's

When It does not depend on X
,

we do not expect eigenfunctions
to change ,

hence Ame Red
,

But note that this  is ee a Berry phone ,

charge of
"

irrelevant
"

phase . become multiplying hey Cml we get :

Most often this true  is  dropped
< µ 10¥ > =

- i An
because of 4 irrelevant phase "

.

For now me will avoid this term , and

unite

:# (3)
Q 10¥ > = £⇐mE÷Em Im > smi In >

-
when EffI - In > am I is projector to the rest of the Hilbert open .

How do observables change with X ? Gml O I m > ?

Me hone in mind on operator O that does not depend on
x eepliukly :

( eisen
,

pi -
-

. )

The positions of nuclear
'

change Rich
,

but p - - i 8 does not change
it 's form .

f-×
Cml O In > = I Olm > tent 010€ > It is charging

became it

⑦ hermit on

,
then CII loins

*
 

= an lot , = am , 01¥
depends on nuclear

.

RCH
.

and ⇐ L Mio In > = 2 Re ( Off lol M ) )



⑤ We  can also insert identity
I

2 Re

KOAIto
,

my
= 2 Re ( E MKMIOIM ) t In > snl Orm > )

ox Mtn TAN Fred
-

C- Ym

We got :
-

- Im

W-xtmom-26KEFQ.my

ca ,
con he dropped

.

Heat if In > is on occupied state
, me wont to replace Qm by more convenient

Q
ni:p.im/=t-mE.a!pim.pcml

which is independent of m .

FEEmiolns-nE.ua#TQaxQOmTf
Cs )

-
-

We mill prone that the  difference a ) - (5) vanishes when turning over all occupied states
.Xf'

Re

KFFKQn
- Q ) 01M > ) = ReCELIAm > Cmt 01ms )-21%7

,
Im > cmlolmst

.

 

#Ife
:c III

.

I
mounted

.
.  

groupies t sniff> sirloins }
.

.  - - -
- -

-1
Mtortured

£
.a) ThenExcmlm > = O therefore

Qm - Q = I Im > Cml

n' ten
Im > t sniff > = O

M
'

E  occupied
-

Xn=¥n
- empty > cmloem > tempt > smlolm >

ME  02C

It few Xm =

n§÷noEM01mKmB¥s
- simian > em PEE> =D

m ← m

danny variables



( 31 ) Polanizationelerirationfcontinuat.co#

We  derived before :

Their 14mi > =
- i einen sun , , % C Ei

"
H E

"

) lumi > Mtm
-

He Hate Hel une > = Eel Mme >

Multiply by

tunes
end run over m :

-

¥m tune > Sunil
"

tune ) = -

infment.eu/Mmi7CMnelFeHe1Mme#Mep:sYEm

.Fang

Qmiems=÷*mehm¥T

" I

identify 1ms tune )

X  =3
Then :

tune / Fml Mmr > cnn.nl Plumes =  tionPottery

C unit F Innis =
 tifun , I toffee > valid for any

Unit Mine

Ten : oimr tunes=tiQi route >

hence  it looks life we can replace f → if in mehie element of tiles€Ahere E-  - if .

> Matrix elements of I operator one : cnn.se/P1eemzS--CMmzlCif-z)lMme )

as long as m 't m !
We

previously derived :

⇐et%E¥:!7at

ME  Reap unoccupied

To calculate the change of 08¥ for occupied stoles we need matrix elements

of 0 only between
occupied and unnoaupied states

,
i

.

e
's

needs
only matrix elements : Curiel Plums . > hence mtm !

utnoupied Treepies

which is simply given by :

p=lif



( 32 )

Repeat : .EE#fcnpionEa.u1Q0mIfC5
)

I Itami .
ME  creep unoccupiedat :

⇐miss .

⇐ is⇐¥Ff⇐ae¥cnn.ir Innis -1¥,.fm?oap2Rek
-

-

mm over cell
cell stokes of

stoles in the
e crystal

crystal

Finally : ¥xP=fz¥r¥ss÷
.

folk
2hm I Q Fel Mmi >

BZ

Me went to drop Q = I - p
.

We will show thot c .
. I Pl - S is

purely real
,

hence Q con
bedropped .

Enea
.

I PE tunes = I soft .
I um . > camelFenner > Ethel .

a:c . wa I

Finally :
-

- let

1¥ -
- ⇒ E. .

.fi?ezYm0#I0fhIs
Meet me went to compute P for each state of the crystal ,

i
.

e
.

,
we need

e two point formula for change of D= Ppmd
- Pineda . Formally me just

write a P -

- fi:tIdX=f¥dx hence :

sp=

ftp.dx-E.sn?..f:n.f.akYm0fIIPT#7



" 3)
Lets see whet thin means for ID crystal life me discussed inthe intro :

A P=¥¥
.

am ¥5
-

ZD spare

Define vector

gmentitga.fi:) = :!
lol l O I

There ⑦
xAI Ex A'i '

- Fe Ain
"

-

-

isof.ie/oftnei-icuneio#umes-isfeunel0ffIS-icumefEunD--

ikooh.net#es-cofhfloaunrs*)
=

-

zymk0ftIl0ftIDstoeastheomm_ifds@xff-fou.A

shape Onshore
Here Is = olx.dk

%T%
.

c

µ B canal

" " " -

÷÷¥¥M⇒←
.

A-- op .

t.foxaon.ae
* oft.fi#xie7EeR.tf.!acx=FeDeoutf'oixEAFar=oD

.

DI ? - ¥ .  x
r

mates "c¥A4¥¥¥I=¥T
. A"'a=oDdx

A C
B D

crucial point Uma !
.

-_ Une ! because this  is the some point -

Hence Boned D segments cancel §mereftp.unce.az#D-CunCr=o3lFxMnE-oD)dX=O



" 3)
Then sP= - ¥ ?

 a

.jo/EfAmcx--is - A' "
a  ⇒

I
. Eiga

.

I[ sum .IE#!icumrPfI?!.?
Important  : We need to subtract value at 2=1 and * o

.

Hence P is

e property of the state ( up to eguontum ) .

Finally we can generalized this to 3D C straightforward ) to get !

=sP±
- ¥32fakeif

cnn.si#s!.icunePfts!!=-Eosfres?...0iax.-0iciaMC-oee

&×

BZ #PXBerryp.be#
Here me introduce

Berrycounection-i.AE
is Uni lofted )

Berryphaie :

Olinda
, e.)

⇐
§Afoot

k

Ptune :

rink
.  -

zyms
8¥

Some of these  quantities one not
gauge

invariant ⇒ P is lattice

vector gnarly
( defined up to quantum

Let's redefine

it#
is = Eisert µ , , ,

of P -

- Faf )

I
 '

' ME ) periodic function of & in 137, hence BC E- o ) - BCE -

- LIT
,

it
,

* I)=my

ate = is .mn. ein "

is E
" "

"m⇒=o¥e
.

+ Ai.
= i

Cine
giri "girl

"
I - i off, .

Conclusion : Ine is not
gouge

invariant lise vector potential Astor

What about
Berry phase :

( B field CBITE)
)

~ 2217A

Chi -

- foie . coffee
.

+ Aine) = On
.

+ fescues-slob
-

° arm wth m integer
Conclusion :

Berry phase unique up to 21T m given
ten

.

If Of ⇒ ton tztm then a PE AP
.

- ¥,
, ( IIs It ) 25M =D P

'

- . m

P quantum



Berryphcise
Geometry an it topology in quantum mechanics give

B. P
.

Yt is

based

on adiabatic revolution of Hamiltonian It Cx )
,

where

X is some  external parameter,
lose position of atoms in the unit all

or eternal field .

If we change X slowly enough ,
me con derive how the eigenstates

charge with X , provided that :

- the stakes one non - degenerate Curry ne )

[ Can be sent merry
- body eigenstates ,

not just
single particle stoles ]

[ If  degeneracy
is Smear Cp ) we can generalize

the concept to orli hey p ,
let this mill f

re

mise to different quantum ( instead of arm →

ZIP . M

integer Q
.

# of  → fractional Q
.

H
.

e

)
]

- the parameter X is worriedslowly enough
It hes to be slow enough soo that the system is

never excited to the neighboring state
.

this means

that there hes to be a

gap
in the excitation

spectrum .
This is therefore not melded for metals

.

Yn electronic  structure there is e lot of level mornings
at high symmetry points : #

To take care of such situation #
me need to treat the

group of tends as o In on unit end

orange e
" smooth gouge

"

through the crossings .
.



We
many parameter x  in Hex ) but eventually we go

bed to

the initial state ( like Seo .
.

.

2T in BZ
, and 21T is the some pointer O )

If we

go
around in the phase space Xo → X

,
→ Xi - - . → X

,
-_ To ,

me

must amine to the serve wove function ,
but only up

her a please

143 → Eir Its (geometric part of r is
Berry phone )

r is important when me look et interference effects .

If adiabatic theorem is satisfied ! Hex ) I next > = Emit IM HD

the state of the system is paramedical by the onsets Inlet , > = at )

E÷
"

'

tomtits
>

4 it

echo U

S
.

E
. relished et ( if - H ) ly et , > = o

Phone

lock time
"

remember In > = Inch > and Clt )
.

out Em CH I - - -if
U In ) - i Emits c U Im > t c U I off > ) -

HEY IM
7=0

hunkers

it Ulm > t Em
.

Evin> ticul offs -cy.E.int'm > = O

Cml / E Ims t c I off 3=0

i to It ) ft met " III. Soa '

It can I :# 3=0 ⇒ c = e = e

without = i ! met 'll Offit > our
'

but I MCH > = I MCXLH ) hence

19¥ S = 10¥ > off am small Pf¥ '
> -

. snuff > I

XLH
'

Hence
to up ifa man Poma 7 DX

¢ depends only on x and not •
gfi"

of pine uoluhin ( details oft .
evolution)

We conclude that I Has > = ei OHHH
e-

i often it Iott '

, µ ⇐ , >



If Xfimd -

-
Xo ) then Of =  i § SMH19¥ ) old

where adiabatic evolution gives : I yet , > = e.io/CHtDe-iftEnHYott
'

, ma , >

Again define Berry
connection :

Aix
, = C

MCH
I

f)
on

l ou CleefAoil )Berry phase :0,1=2folk Aix )
a

Berry
armature : rn . ( fatten - fu Aix ) ) Leise Ext )

Hose :

rm_ifE.kmifIumD-f.fcmlExom5f-i@oI.olonxs-sfI.looI.p

)
rn = - zymff.fr/fF !

Gauge transformation is freedom in
choosing initial lmao ) ) .

We could

choose Intcxol ) =EIBIMCXOD and
require thatBetty-sexed= 25M

when at = Xi and the system goes around @ closed loop
q

7=0
.  g-

I
Then Fun = Atx ) t Iffy Iisnot

gouge immanent ( like potential I )

⑤

=§Fc⇒dx
 t sext ) - xx -

- o ) = of +25M Of is unique up
to @ quantum

iron . 0¥ ;-9¥ ?- -rm.iq#oow-gEFon.g--rmrisgougeinnaiont
I and unique .

°

( bite magnetic field B )



Cern theorem says
:

Laffer
"

ol Xp ol Xu = C e- Ymkyer

Consider 2b spore x
,

and K
.

we see that of = fax ,

Alex , t folk Atx )

end then
r

't
€

,

AZ - FIA
'

= ( Txt }
Stoles theorem

says frkdqdxef@xATgdx.d he § Adt ⇐ OH - loci ) = 25C

-

' Iffy but this  is the

same stole
,

hence 25C

other forms of Chern theorem :

- 2ffYm@oI.yIffy ) dxgdiv = ate

\

What can happen to 0 ?

C = O C =/

I :÷:3
 in

S - space



Practical calculations use formula !

-

X for his pea¢= -

Fmln
@t.io/Ux.Kux.lMxD----LMx...lMx..D

but IN , .
> in cloud loop is eiztm1µ× .

> 18¥.EFF-¥!
Oli -Fmln@ Mx .IM#KMx.lUxD .  - Lux

. . ,
IM xD )

Why is this the some ?

{ Uxlllxtsx ) = C Mal t.it#xorxt--S=1tsuxlfF.Ssx

M SMH this , > ⇐bull tox anxious I acuP¥Note that : 2 Re Cutoff > = sniff > t cut I = sniff > to In ) Lulu > = O

hence sniff > is

puffyof →
F-  - Ym but suxn.lu#is---ymfsuiou-sdx=fisuPEx7dX

Why do me me the discrete formula ?

Emery eigenstate in
, > hes on arbitrary phase letxi ) =

E' B

IM xD and

wing numerically
determined eigenvectors

in .is the phase will never
he

a smooth function of a
.

But adiabatic theorem requires smoothness .

the diorite formula is
gouge free ,

become each luxi > appears eeathy twice
,

once as bra
,

and once as Set :

0 = - ymhknx.lu,
> Cmx

.

I Makkal -
- - -

cnn.im/Mxo7)rrUrV#weYueudtowseMxo

simple phone sick
'

lungs cancels mother then Mx
.

!

.  

II?'
'

lmxpcmxjl E'
" t

.

.

-
.



Exompleofberryp.hu# . spin he particle in e magnetic field B = Bri
-

where in is slowly ( adiabatically ) monies ni th time
.

H  = -

JB
B Tn . I

.

Here X is rtcx , and changes
with time .

The ground stork is spinor pointing in the direction of in
,

ie
,

instantaneous Sz .

From Q
.

M
. course we Snow thatInk> = ( ?n%q

eiy) where @if ) one

deserved por in = (III?:D
.

Note that when D= IT
, we bone N ,

> .

. g) and any y
mile give differentphase .

.

This will male d- I a special point with singularity of r
,

end confronted

mrdniniol
Berry phone .

Me on compute I = icy
,

) ftp.nn ) in spherical coordinates .

Me here

Are -

- throat Yrs -

- i ( ask
,

rink E 's ) .

Eof ?:{ ¢ g)
= o

Ay
-

- ftp.tnuo-g/4.aS= - milk
rim U

D= Txt = mute fo ( A grinder t .  - -

= - off%) Er =
.

I221%21 Er = - ter

Berry curvature is  constant on the sphere and tools like a magnetic
monopole .

The Berry p
here =§.

dt-fr.az
 = - I far = - E

µ quarter of the sphere D= HIGH -
-

- E

"

,

'

of half the sphere r = - II←r entire sphere of = - 2T ⇒ clam number - - A

r

(
"

°
"

we could gneelly well une this surface is stoles

We would get

⑦ =p- ( ht - r ) t  ⇒ et - E

singularity of r opbffoiaio.im /
gives monaro Chem number .

in
.

integration eginebuf !



E:
We here e molecule

,
which goes through e

reference of

from formations (a) → C b ) → Cc ) → (d) = (e)

See picture .

Yet 's
suppose that the move functions one µ @

-
- tf ! ) Mei - the ( Latics)

Me

lentils

) Not
-

- Me

What is Berry
's

phone
?

The discrete formula is to =
- Im h Lualua > Cme luck Mel Me ) = - IT

" 3

as ( et
 " '

as 's He
" "

costs)

Berry phase in the Brillouin e zone

-

Here we take X
,

= ex XE Sy
end xs= E and evolve our system through

the Brillouin son ( life what we need for polarisation ) .

A-me -
- it Uriel Femme )

IETiana

f- fan,
. at = xai.y.us .

-
- finds

O imi.de the
M

inside the loop

loop

Hohe Rn , is uniquely defined ( gouge
invariant ) and has the following

Properties :

D If the crystal has inversion symmetry I
,

then Rci ) -

- Rte )
.

2) If like crystal
has time mental symmetry

CTR ) then RED -
- - re . e )

3) If the crystal has some
other symmetry ,

sci ) inherits it
.

consequence
If me here I + TR ⇒ red ) = O ! Ho Berry phase or

Chem number .

( the some symmetries
as B has

,
beane is Bx I )

.



How to see that these  concepts survive interactions ?

Bloch 's theorem is valid
only for non - interacting electrons

.

Once interaction is switched on

,
bands are not well

defined , Quel therefore Bloch theorem is not valid
.

Thou less introduced a trick with the twisted boundary condit
.

[ Q .

.

Hiu
,

D. I
. thouLess

,
4 - Shi Wu

,
PRB 31

,
3372 ( 1985 ) ]

Yet the
merry

'

body wavefunction other,
.

.
. %) here the following

boundary conditions ftp.tfgyn,
. . .

) = E' hi ↳ Iot ,
% . . )

Iott(%)
,

.
. )=eiG4 OI cairn . . )

Yt the system rise is longe ,
the precise form of the boundary

condition

should not matter ,
or long as it satisfies basic lows .

Such B. C .
one used to derive Berry phone formula for the interacting

system .

To derive it
,

we will use Kubo formula for electric

conductivity . We will compute Hull effect 2g ,

which is

a current response s j ) due to magnetic Held in z .

direction
.

The action  in the
presence

×

of the B - field is 5- So -

fjy.A.cl
.

#  r  I -  -  -

The derivation for polarisation is analogous , except that the
coupling

for polarization is 5- So tffttz.de
- .  - - .

Reminder !

H  = fopr ftp.yfhnfitfr-et5-veetcrDXcr ) t Vint - HTT

-

EmttziELEA-AE.IE/AtH--foPr4tcr)fEm0Z-
Vescio ] Xc :S t Vincent ] tizntftcrsfxtirs# ter ) - Yea ]
-

sjg
"

o t.gr
egrets

become j-eztm-icxt.BY - next ) X ]



and E = -

II
of

¥
,

"  "
" "

i' ' x*¥H= eg.in
.

.

This choice  is celled

S= So - fi .jo

↳ ndaa
go.ge

(jxcxD-tzfDIttxJES.tt#JdtjxcxintzofDcxtyEsqj.cxstfAijcxsjxcxsdf -
-foll'Aj" JI ' "j " " )

note cj.io -

- 0

A
T

'

qq.cj.cg.ws
>

ei~ifr.gg,wAIE
⑤"

 "  

jsciii"j×
" " > " r "

triage
Ffl g.  w ) real axis

Esteem

r
arm

.
atIII?oxygen,

eiw-ifi.to
 " - if

jgcrrsj.ir , > circa 'Eglise

twfeiwi
- if "

sjgcr.rsj.com >otros;
I -

.

et
where

I
-  "

zxziw , . E few 'Izir( e-
' " -

e'

ttfjgcp
,

.pro#-jnoyoo-v--tmCp

- it )

Ekin .EzTSEEWvay
Cml Nyce ) In > LMI Nicoll rn > Eze

Em C Em - Entiw )
off

Train.

1W  t  Em - Em
E 'ciwi-EE.fr#NxnmfE7IeIEm

)mm
w  t Em - Em

first to

[ Tciw ,=
I '

[ ( Nx )o (Ng )
oWVn life-

C
?1?I!Y¥÷ ) ( torneo monster ,

hence  no )
meet w - so -

- E
Cite'¥eo) - E÷u -

 '

'

Ere
.
)

zxi.ezfY.IE#no+iwfei?;oYQWonevxI

]WV
go

#

From  gauge invariance  we  can

prone thot it nourishes

.(
otherwise  diverges)

2×3 = µ§om(Ny)mo-ydx)mo
V (Em - Eo )

'



vi. = Im fi ⇒

try = t C - i

Fy
- EBx )

at to me hone the ground
state 103=10

.
> out expectation values :

Xx )
. .

= solo I vi. 10 .
) and (Ny )

. .

= Lolol igloo )

Hett we more a unitary transformation 1,6> =
Ei ?

Kii
10 .

>

Rx

which twists the boundary condition .

We see Ocr ;thx ,
.  -

- ) = Ei ↳

Of fr, -14
,

. .
.
)

and we require Rx Lx C- EAT IT
,

hence the change of momentum is really
mall for longe crystal ,

i. e
, see,

- Ex . yf we bone insulator C no gap losing
while

codding .

the twisty we expect equivalently good volution )
.

10 is a function of many neri dobs cu
, ra .

.  - %) but let 's concentrate on r
, only :

¢ c r
,

+ ↳ y = E
ith↳

e-
'

'

th 4/0
.

( u
,

+ ↳ ) = @itlxLxtikxLxEdxhOocr.y = Ci the - text Lx
, n

, ,

Hence
,

me see a slight change of phone through the crystal .

What is momentum in this new stole compared to I do > ?

H ) . .

= s 0/1Either"

v. ,sister"

I s hence

H H
°

(A)
o .

= Coll Ei Eri
funfish,

- i ⇒ E' E
'

"
' il> =

cof,
'al - e TxtA 10

.

>

@g) o .

- S/o I EiEHtan ( -

ifytry- a Bx ) Ci ?*"

to > = coldIm fifty - e Bx t Hg ) 100 )

This transformation is thus equivalent to horn forming operators
- i Ex → - i Ext tex

- i
By

→
- i Ey

+ Ky
) hence the Honiton

'

on is IT =

@

The corresponding transformed How Chorion is thus

!
IT -2 +

tightI
Vin

i
i 2mi

and therefore :

fIa×=§i¥nx)
= are

,
ouiftp.?l-iEgittemi-e-Bxi)=Ng



Finally we can wite conductivity for the state with twisted B. c. :

z '

% "mY÷÷M I
⇒ if §

.

cool II. 10ns configHas - solo III.ton >colonial 01
- -

CEN- Eo 5

meet we try to simplify the products !

Fax Lolol Atoms -

- 0¥
,

I II 0ns t Cool It P¥
,

St 4%1%110 .
)

Fux Eo oho = O = Em off; 10ns t Eo C 0019¥ ) t
40018¥10n

)

-

ht solo looked = Fed old dns - Potful On >

i.
. 0

Finally we simplified to .

M¥0 : Lolol ftp..IO/n ) =
- Em-EDL ftp://om >

Similarly me con get ( just  conjugating end replacing
Hx → Hy )

Ldn total Old = - ⇐n
- ED LIONEL

We play this bed b

2*y
to get

⇒
= it §

.

En-

EDI
9¥ tons cloning > - %¥gl0nK0ml¥x ) )

v -

⇐m
- E . )

-

Z' ' '
=

if59¥1810ns cont ) 10¥
,

> - Coffey HElion >compotes ]
E' =  ifKosta.io#gs-CoITl98dxD

-

The result should be insensitive to this twist in the B. c
.

es long
es there is a

gap
in the spectrum for any

choice of Rx
, hey .

We

nice
average

over the twist E

CORTI
:

fly Lx = HI C- [

0,251
enrol Ugly

⇐
thy

Eco
,

zit ]

ZIT211a '
.

. in one:gif¥¥¥H-o¥HI¥D
O O #

Chem theorem has something to do with it !



We recall the Chern theorem :

- 2ffYm@oI.yIffy ) day da = ate

Which heremeans
that when we charge the twist Tex or Tey for 2T

, we should

get the some stole
,

hence the twist of 25C ( for oratory c) should fine

the same onnmoer
.

We hence recognize :

21T211
on .iE¥¥fiafIf¥.to#H-oEHFf.D--

e- t
=

¥
. c

O O -

for 2b systemziymeffe.io#seg)
high

This is Thou less 's

proof of 2b guard
. ration of the integerquantum Hole effect .

He also  prove fractional gwentm Hell effect.

Key point : Theground
state too > is degenerate p

- times
.

Then we need on echo sun over degenerate

ground
steles :

o '
-

-

iEEKOE.io#gs-ooITl99xD

OE p

Hagenerohe ground
steaks .

Assumption : There is no

coupling
between there •

hates
,

no the system is in one

of those skates
,

and me can not reach different 10 . > ly

single particle ( low energy) excitations .

Key point ! When me twist the B. C
. me one allowed to switch from one state of

the net to another
,

hence in the worse cease scenario in might be

mercenary
to twist the phone up to 25 ;p

. c to get to ten some state !

degeneracy



Thalers therefore argued
thet the comet

averaging for degenerate set is

2T . p 21T

oh ire ¥I gone. gone, FETES-0¥ PED
4*5 p Ex It tty A,

O O #

WI mill get
one of the

p
states when place is changed for 25

,

and me

need zip phone
to get bed to original stake .

"

T.IT#...iii:::iiEei::.:.m
.

21T

-2 fym@oI.yIffy ) dy din = ate

Finally the result is :

Experiment :

① I
=

I
. c

ZIP

Laughlin wrote  down a concrete

woke function ,
which fines

such

conductivity (Both Laughlin and

Thou less got Nobelprize .)

- -

Note that if me shorted with s= so tffix I dl we could derive polarisation .

By playing with the twist B. c
.

me would then get .

'

y  =  X ly ,  2-

ask:S = ¥7. fix,fPnko¥t¥s- Q¥P¥B
37

After inning
stoles theorem ,

as
in non - in broiling

care
,

me would get

4 Rani> = ¥7,9 §:3HmI cold⇒ for.to/tex-D-c.0fex=osiFaI0.cx--oD
)

I

may body
stole with twisted IT



Quasi particles ( Richard Martin Chapter 7)
-

Origin  of the frequency dependence of self energy .

We almost never
treat

eelworm
in e solid

,
but

almost
always

deride it into the " relevant
"

low energy degrees of

freedom and the rest
.

Exact theory would need to

address  extremely large energy

, µ
continuum of phone

.

mom

www.nidev#8k)~l0eV\
"

Either . HYE'simmemorial
> ← semi cone stoles

yg
we

.me#=,jaoo
,

n woe ,

1-
Ym practice it is convenient to wite It in blot form

:

←
"relevant

"

degrees of freedom

III. .

'

,
it ¥ .tw it ← an " rest

"

energy

Has lost Her Or -

-
WOR

Hs Of t Hsr Ole = w Ols

Hrs Of = ( w - Her ) On

( w -Heng
'

Has Ols = 01 ,z#¥¥⇒HHys] Ols = w Ols

frequency dependent
correction to low energy Hs due to the

" nest "

.

[ Hst EdwD Ols -

- w Os
-

cemented agnation for the low energy port

only is always energy dependent .



If we concentrate on the
single particle green

's function ,
it will

also contain frequency dependent corrections to go if these one

processes not included in Yo .

q = ( w + Em - Vim )
"

.
moon

, election interaction See

f dynamic
what is mining

?
- election - phonon

interaction Eep

- spin - oh 't C is stroke )

We an mile
y

-

- a-HI
'

= II;'

,

-

Is:*.IT
= few

- As - Hs . It.  
I

,

-
-

)
Uys

-

- ( w - Hs Hrs ]

Dyson Equation
can he called Escue)

-

:

guise Cgi
'

-East
stef energy

describes intention with the " moth

the real port describes the shifts and
"

renormalization of the energy
barrels

- the imaginary port describes the lifetime

of the givenparticles .JmFeymnonlonqneI
:

q
.

a go e go
Cycle ) + .

.  - .

-→o- = + ¥1 t

conclusion : 2 is the mingle particle
irreducible pent of G :

does nut fall
into two pies when cutting mingle go

[ Est i, + + .
- . . ]



Nowguori-peh.br
or W

Note EF corresponds w  = O
.

Aus -

-
- Ehrig

r
-;#\ follows from*¥

'

the Paulie .

vegetarian . . in %÷÷÷;
metals sharpen

We went to describe the "

effective
"

fuori particle

Ye w¥q,wT near w
-

- o we expend ✓
Edw 'Ssolo ) t l I - ⇒ w t 0¥ c e - re ) t .

-

.

became by is L

a matrix
,

and - i ( wIT
'

) + -
.

 
-

anally can not simply T femi lipid result

decouple bends

Would regime Ee out Edw ) to
, - ¥e= Off or Zee 4-FIT

"

{egg.YggomfminwfTopYts) EEE

= weight is  reduced

Then llyecwk wz!¥g =

wZ¥+qcw=oT
ie

.

, fuori particle
-

"

effective dispersion
"

Esm = Ze C Eet Edw -

- o ))
Mors of the dispersion :

Eet Edu -
- ol a- 4¥11

,

d Is - re) a .

nidus it thrift
narrower become Ze &I

.

Then
yaw, a Iveta

=

w - I e - re )
Mitt

Mbbmn÷±ut¥¥÷!
T

typical the must

important increases moss .

buoy fermion ( r 100 - 1000 )



We thus here

ClfslwlTrwZIe.q.svemb1mItIz@tEIIT-r.A

sew ) ⇐ ¥ Zeke( w - is -e⇒uFMb/m*5t Thi

i¥÷÷÷
" ÷ .

goats
=

- i E

bet
! means broadening

then - is ← it

get
=

- i Ze

Ei
( Ee -  i " t

=
-

i Zee
"

rn gink eiph.me of the fuori particle



Fnmctiomdsinmongpontidesgsten# chapter

- Conciseformulation  oof various useful approximation
DFT

,
D MET

,
GW

,
. . .

.

-

"

Conservingfunctionals "

conserve energy ,
momentum

, particle number

on provide "

best
"

approximations .

-

stationeryfunctionals allow robust solution even when

implementation is approximate

Most famous Functional theory is DFT
. ( chapter 4.3in RM .

hook )
-

Yt is indirect approach in solving the
may body problem ,

in which

charge density gets is the central quantity to be determined .

Total
energy Let Teo ) can be expand ly :

I 4) = 541

#tweet
X > t fois firs Vadis

E  
= 441 HI 45=241 Tt Vee t Vma - -

universal become

it has explicit from mon
- universal

F- ? - EI , ;
V -

- I ¥jkcni
- depends on

the " material!

• Hohenberg and Kohn proved that H is a unique functional of the

ground state change density gins . yn another words ,
there can not be tho

(1)

Potentials Unmeet) and Vniicr )
giving

rise to the same ground
stole electron

eternity f. cis
.

Hence if me snow guy ⇒ we know Venue ) ⇒ we know H
.

Yt me know  ⇒ these is unique ground state Hos end corresponding
E -

- Not Htt . S

is uniquelydetermined from get ) . Also ell ground
rotate properties one uniquely

determined by fin )
.



Proof that H  is  unique functional of fuel : Assumetheme eliot two potentials

Vniicrs and vii. cry differing by more then a constant ,
and

giving rise to the

some

f
. s . density fir ) . We here fttveetvnn! ' ) 14 " > = E

' " H
" '

>

( Tt Vee thin? I 4 "
) = E

"
14 " >

14 " ' ) end 14 ' "
> one different . Than !

E
" '

= LX " ' I H ' " 14 " > & L X " I H
' " 14 " >

← a

heroine of variational principle , any It ' " >
, which

is not
g.

s .
should give strictly higher energy .

We assumed Ht "⇐ H
' "

t Vault - Vmi! therefore :

E
"

-

- Ct " ' IH " ' It " '

) ¢ chest Hallyu > t CX "
I Vain? - Vmi? Ink >

- -

E
"

fancies. Vmi:c:D find
'

r

ee change us ⇒ CD

E
"

=L ya 't HH It " > & E
' "

t fanciers- VinerDf " " " "

sun the two equations !

which is absurd .
 ⇒ conclusion

E
" 't E

"

¢ EN TE
' "

Vmi! - VmY=O

We just proved that if we one given ground
state or

constant .

density fci ) me con wmguely determine Vance) end hence H
.

Since me here unique H
,

me could in principle find unique
HD and

any ground stole properly .

Hate H
.

K
.

theorem breeds for degenerate ground
states . yn this  core I you ,

"

"

and Hens hone the none energy ,
lot different density . Example

"

Mott insulator
"

.

• H .

K
.

also provedthat Elf ] reales miin the exact ground stole

density gets .

Proof " If 14 " > gives rise to dewy fakes ,
which is different from f.  s

. ,
me

have

E Cfd
= CX " I H 14 " 's L c yay H Iya 'S beame of the variational

principle because in " > is not g.
 s

.

none function ,
while

it ' " ) is
.



d

5¥
: Kohn - Shou eueilioy non -

interacting system
.

The seat of
. s

. density it represented in terms of some non - interacting

set of orbitals ; i. e.

, girl
= If Vici )

IE  ooo

The kinetic
energy

is then expressed ly

Tipp
-

- E

fliers
C-En ) 4. choir

i Eoe

Therefore

ELP
-
-

Ea
.

flierst Entrances ) tier ) t E
"

tf t E
"

Cg ]

where E
"-

If ] = Effff¥soPrd
' "

is the Hartree term .

E
"

Lp is unknown functional .

It 's exact eepnenion
is

E
"

CSI = ST ) -

Tip Cp t ( Vee ) - E
"-

If ] end is rather small

become LT > aTip Cg ] end L Vee > a E
"

If ]

Moreover E
"

Cfl is universal functional ⇒ can be computed in any simple

interacting system . Idea : Solve the uniform electron problem
and

determine Execs ] and we it in any
materiel .

Unfortunately uniform electron gas
is not solvable exactly ,

but we only

Snow numerical value of E
"

[ g ] where gins a constant density f- A  constant

in  space
.

Idea : Approximate Ex
'

egg
= foprgcisexcgcrs ]

,
i. e) to each point in

spell we can associate energy density excggcrs]
,

and it 's value depends

on change density at fuss . [ does not depend on faith ]
.

This approximation is called " Local density approximation
" LDA

.

From solution of VEG we Know Ekg ] hence we con now solve DFT

leg
meh

'

on .



We one looking for the minimum of the functional ELP under constraint

that k .
s . orli heels one normalised

.

Hence we can perform.  constraint

minimization :

IFEia
. ( ft:ceixicesopr

- I ) = o

osteitisNote that
off can be mitten as

org
Enters

,

O -
- off !Elp -

eiftHI-fz.fi?s.fxi*crstEntVmdis-ei)4icr3tEttlfItE
"

Cfd )
r  e

-

- C - Ethan -a)trees t IF
"

's 'tFEEF)EfeDefine EE§lP= V
't

Eg ] v "cp=fffa ,

ok '

EIJI= V'
'

4g ] v
"

Cp
= Exceptg

. off
"

hence :

( - Emt Vm .ci ) t

VittVIE
- E) Heir ) -

- 0

This is Schrodinger egret on for a non - interacting system .

Note that DFT

is
"

interacting theory
"

because rxcqgy has go be computed self - consistently .

All correlations one hidden in this V' Ef ) function .

Note thot thin  is actually a Dyson equation for the Kohn - Shorn
green

's function

Cgo wtf

t
E - Vma "

ly
Ccg

"
-E) g

-

-

I in ,
rt ) = [ V Hii ) t Vxccpy ] off -

ri )Yei' -

- 2e 4. ces I - oysters
,Elwyn-1VIII.suffixingtf

- Ee
- Er

Exec " Tiffani ins = re . is

because  ye one  a  complete basis
,



We proved thot Cgi
'

-E) cg=
I ⇒ g-

'
= got -2 here

this equation  defines the Dyson egret or for ily = sees ¥ a
tech

One can define a ferret oral of this
green

's function lyin ) ,
which

fires identical equations to DFT
,

but it becomes than on approximation

for excitations ,
not just the ground

shook properties -

The functional is

Fogg
-

- Trent - gi- Tr C Cgi
'

- g-
 

Ty ) t E
't

Cpt E
"

Cp

where first
= lgctr.rooff - ri ) orcs - T

' )

optimizing the functional ofIg=o gives

a- Ffg = g-
'

- cgi
'

t
offy off ( Ekg t E  "

Cgs)

=

Ej
'

- cgi
'

+ ( v
't

+ v
" ) see - is sci - i 's

hence Ziti ,

'

r 't , = Cutters, + Vxccis ) fir - F) Scs - A ) which leaky shows that

T leg ] delivers the some DFT equations
and the some solution .

But here we get ego ,
⇒ as approximation to the single pedicle

green
's function ( bowl structure )

,
not just the ground

state properties .

However
,

even if the etat E
"

cop is snowy this Junctional is still

on approximation for the spa he .
Me mill show later whet

is the exact E
"

cog ] later in this chapter ,
and me mill

contrast it meth E
"

Cgl.

Most often med approximations include G GA and make - GGA 's
,

hybrids ,
DFTTU

,
DFTTDMET

,
n -

-



• G GA : The functioned is parametrized with more freedom ,
out

E.
"

CP ) depends on fcf) or well as Pfe )
,

i.  e

,

E "

Cfl
-

. GE"

[ girl , refers ] gcisor
A few conservation - lows and elect relation on used too determine

unknown coefficients .

• mete -

GGA
i Exact ) is allowed to depend on

the binette

energy pet exe C gets ,
THEM )

• DF TTU : Functional depends on the density matrix of the

"

correlated orbitals
"

of a heavy atom :

I

E
"

Cf,Hui]

I
where Hu , Fee

. .
.

GoProPr 'Xe*cT)

Yeti
Ecr -

risk
,
CEE) tech's

One obtains on Anderson - life impurity model
,

which is

solved
by the mean - field .

• DFT t DMFT : Functional depends on the single particle green
's

function of the " combated oditols "
or

" correlated clusters
"

.

E
"

Lg , Eiger,
in ]

Boyers,
" =

q.y.us, cgascwsgicrs
where as one the

important degrees of freedom treated by DMFI The generals
at

Anderson impunity model needs to be solved numerically

by on impunity solver .

A true -

many body problem
remains

to be solved
.



Baek to search for

betterton

- DFT probably is the must successful. functional ,
and is

a functional of gas ,
therefore by the construction an

give only ground state properties of the system .

No excitation spectre available .

- Functionals of the green
's function con give

the ground stole
,

as

well es the mingle particle recitation spectre . They can
he

defined by the
Feynman diagrammatic technique .

The simplest is the Hartner - Fod theory : Of =

+

Hohner For

or aw : to -
-

+ t t t

- Exact functional con be expressed in

terms of Feynman diagrams
and is Grown .

But

difficult to endnote . you principle can give
on

exact solution to themay body problem .



Gener-Vstahonaryfumcdonals-ofphysicolobserroblc.SN
e will borrow the concept from statistical plugs ios

.

we odd the

source term
,

end then perform the Legendre transform to

obtain a stationary functional at constant value of the

physical observable .

Example : stationary functional at constant density
is

the

free energy functional . If the particle number is not

conserved
,

we nod with Gibbs free energy ( it this

context it means in the presence of the source field jet )
.

• Sousa field It  → A - pan where y
IT is the roure field

- The free energy in the presence of the source term is the Gibbs

free energy

Rfid = Ffa ] -

je
N - Legendre

transform
to eliminate

the
Towne

Cp ) in favor of observable H .

where

E BNP
= z=Tr( e-

BCH -8
" '

)
Then

off = - z¥E"" ' Is = - suis = - a

- The functional Fur ] is the Legendre transform of the Gibbs

free energy
out is stationary of constant particle number .

F-I HI = Reg ] tf
H

FEINT = Ig ] t Sg H t pork = - Hory the org tf ok =p
EH

hence TECH )

=P and vanishes when source term gin
is absent .

( or 'E=o )



Example : A mingle particle observable On
.

- Source field H -pH → Hyuk typo
source observable

- Free energy in the presence of the source term is the gills free

energy !

Earl

?
z  = tr ( E

SCH - pH ) - see 8)

REMI =Flees]

*
u so > Legendre transform to eliminate

the somme in favor of the observable .

Then EI
= +IRE n = so >

EM A Z

- The
stationery functional Fco ] of constant observable O is

F- GOD= Rcn ] -no >

owl small variation or Flo ] = orren ] - µ or O - O Sir = - M TO

hence F  is functional of O and it is lstotionay when u is set to rent
.

8¥04 O

hero

Example : ymhooluu spatial and time dependent source term to get

functional of the green
's function Ef .

- source field : s → s t

follow
nttcxsycx,

x 's Xcx 'S

here x stands for CT
,

T )

- The gills freeenergy
in the presence of the field is

e-
is MY ]

= z  = gout e-
S -

follow
nltcxfcxx's Xcx 's

d¥y
=

-

tszfacxtx] Es
- t -

ytcx.sn/cxs=tfXcxs4tcxiD---6ycxx'It



- The stationary functional

They
] at constant physical observable by is

Pup
=

prop
t Trc g - y ) -

-

srcyltfdeouigcx.xyfcx.is

We eliminated the source y in favor of the observable 4g in the functional .

The variation of T is :drag] =

soryg3tfouow@efcxix5ycxhxItcgcx.xnorycxixi3tfffcgcx.x

's

dyed
,xD de

hence
gpcgy

= Trc Jeff )

m

r.gr#,....ofIIg:t:gYa:tEiiiiiEiiii

" " "

energy .

-
The later is clear from the fact that

at rly -

- o ] = E ⇐twig] I .

Note on higher order correlation functions
I

"

-

Higher order derivatives of R con give two - particle correlation

function or free particle correlation functions .
. .

If evaluated through derivative
, they obey

conservation tons .

§g÷¥×igoyc×#
= -

5G¥z§×
( t faxing E

s - fu "  ⇒ fix " t " "

ya , , y

oryx, xis Zap

= to tzapfhcytxy e-
s - fade ' # " ' Y'

" " " "

yup , # ×
, , X xtcx ,

- to JDC they e-
S -

-  '  .

xcxisxtcxaztyyzfpqytq.ES
-

-

Xcx is Xtcx , )

= Ltycxi, xtcx.sn/cxisXtcxs ) - stycx.yytcx.DE#cxilttcx.D
= L C M2

,
a

'

,
27 the connected two particle correlation function

This is important to prove conservation lows
.



One standard may of approximating functional Tag ] is to use

( Thou less - Anderson - Palmer Eg .

in  spinsystematic et pension .

glasses ; drivel
symmetry breeding i - QCD )

We split the action in terms of the solvable pent so out the rest is S
.

then we mite
s -

- Sot

xastffxty

X
where X is varied from 0 to I

.

At 4=0 we here solvable problem -

At x =L me bone original interacting problem .

When we

very x we keep by
constant end odd some field J so

as to seep Cg tired . At x
-

- I we set y
-

- O no that Cg is the heat

green
's function of the interacting problem .

• At a -

- o
,wehave

s=µtgotffxty.X-ffttl.gg'H g-
 '

- AThe
corresponding by -

-

Cgi 't
Yo

• At X -

- I
, we here s = so + as end me set Yai= O IN

that
Railey ] is the

desired
stationary functional .

At 7--1 we Snow thatclj!ily ! - E
,

where E is the seat

self -

energy of the system .

To work at constant cg we this see that f.
= - 2

→

E etat

source term et reef energy
D=  O



Systematic expansion could be carried out :

P CGI
-
- rough xp

, Capt
-

. .
.

Jogi
-

-

Yong ] txf , cyst
- - -

We could me perturbation theory to determine order by
order what is Tag ]

.

Alternatively ,
me can split

Toga Recep
-1 any ]

- -

To = Tivo ) correction  due to interactions .

What is To CGI ?
-

No Cyo] can be calculated from !

e-
MY "

= gouty, Eff# Cgi 't fo TX which is guowhohie

and can be integratedby Youman integral

The result is f put ,
E Ht G

"
t

= Det g-
I therefore

- A Roly . ] = en Det ( go
- '

t go ) = Tr bug
- '

= - Trong
Yrudeed , for non - interacting system Do = . FTFew

,

.lu C - in  + Ea ) withg-
 '

= i w - Ea

Then we have

rocegt-sr.ly. ] ttrcgg . ) = Trong
- Trigg)

become fo
= - E

Finally et HI me write : Tagle Tr buy - TRE g)
top Leg ]

-

-
We mill call stage ofCgl



At x -

- I we thus have : Tuff -
- Tr buy - TRE g) t OILY]

where OI is what is being added due to interactions -

We
previously defined that at * I y

-
- o ( beane cg

is the meat Y )

end therefore
Efg f-0

x -4

Then :

ofIy=

Egfrengl
- Egg - E t Idg -

- O

-

g-
*

At x -

- I
og

- I got
- E.

and hence : g-
 -

=

# Ey therefore :

a Ig -

- g-
'

- g-
 '

- E -iffy or s=o¥gD
We just proved

that Oleg ] is
generating functional for E

,
i.e .

,

E is obtained by cutting og propagators in cell possible ways .

Since E contains cell skeleton diagrams , Io has to contain ell rhetor

diagrams for the free energy
.

Example !

E = I
+ . +

+
+

t
t -

- -

c

is
s

to tea t t t 's t I t

6

T
'

Hole that 845 100

Fg generates several terms :

Eg
: iii.



AHernativeelerivationm.ithpowercouuh.no# ( Chapter 9.8
.

R
.

M
. )

We start with coupling constant integration

It= IotX Vint

and E
BF

= Try e-
A C Hot x Vint )

)

III =  tff'

z Tr ( EB
"

Vint) =L Vint > = ¥42 Vint )

On page
13 we derived L Vint > =Iztr ( Ecg ) for general inbreeding system -

We
can then mute :

ore
Fx

= I{Tr ( E
, cgx ) where both E and Y

"

need to be evaluated for each X
.

and F  = Faro ) t f
"

Ix Tr ( Ex YD

of 2. Log ,
we] or derived by Bayan

- kaohenoff .

Using Feynman diagrams technique ,
one con expend self energy

in

powers :

E =

+ . +
i

+ t
- 

'

.

✓ ✓
m =3 t .

-
-

M = I µ =  2

a x we a Ivi a Ivexsmcg.ir
, Igav, IEH gives

⇒ E : = §
,

In
'

[ gave ]
.

Note s is functional of Gx and K
.



I= §
,

in ETYak ]
y pass

Then :

#E=
I fix ¥ Tr (

Emig
,

vi. g.)¥I Intr (

Ekg
,

vi. gx)

••E.fax In FIN

stigma
.

gx)
by parts

ol v -

- da Ia
"

m = Trc .
.

.
)

v= Ifn our = off
,

Trc -
.

. )

We define OILY. ] = I In Tr ( IE . gx ) so that

HE

-

- tongs - E. fix

EntrapEg:
"

Ffi '

te
" FIT

-

Meet we want to
prone that 86

Tgi
Ex

,
ie

. OI is the sun of skeleton
)

free energy diagram
.

.

From  definition Ed
, EEi@tIfgi.gx ) I E

,

follows :

org

Crucial point : off,

. q*
cab one of the propagators

and puts the some

propagator
bad

,
hence we get book E ? But there one

may ways
to cut

, namely
kn- D map .

YiEgil =

i

+ + =e÷"

GE
m

Yt follows that :

Toga
.

Efx
= EM- D I and therefore cfffgt

-

- I
,

nisi  
=3 ?

es promised above .



How continue with :

AE
-

- Iolg ] - E. fix In Tr ( cgxEg:
"

Ffi '

t E
" ' FE)

-

@m - D 2cm )
+ Ecm

hence

at
 =

Iocg] - NI
,

Itr( sin! ¥7 zm¥¥
or X

which is

* - Ioc get
- Tr Csi. × off)

once more ly parts !

f  = Elegy
- Tres . g) It !

"

dxtr C Ex Gx)

here 2 ( x=  o ) = O out ECx=i ) = I trance

• F- -

- OI CGI
- Tres g) t flex Trc off g.)

How we

guess
the lost integral Rex, = - Tr ( ln ( I -

Yo
Ext )

%¥'

Tra-

goExt
'

go IF ]
= Trl Cgi

'

-2×5
'

Eff ] -

- Trc gift )
therefore flax Tr ( off, F) =

!
'

off, oh = Rcn - Rios = - Then Ct -

go ED

Finally F  = Fo + foggy - tr CEcg ) - Trendy. g
" )

and
F-Tren g - Trc say ) t OILY]

To make it stationery functional of Eg we we E = Got - kg
'

to

eliminate I in town of Cg
:

F Eep
-
- Tren y - Tr Kogi

'
- egg g) to Cg ]

How we can check
ofIg= y

- I
-

go
"

t offley
= g-

'
- gotta = 0



comp-arisonofmc.in#eymethoswithin Bay m - Kael an off approach
-

All methods shore the non - interesting part of the functional ,
owed they

differ only in what is included in Ioc GT .

Pigs = trencg
- Trc Cgi

'
-g-

'

Ig) t OI Cg ]

1) DI : 01cg I = EH Cpt Exact

when f
is  diagonal part of Cg

in  space
- time basis ,

i. e
,

get
) = Cgc

is
,

Kitt off - ni ) dir - t
' )

We previously verified that nah setup gives.

DFT equations .

Also note that within LDA : Exec @
= folk E

"
( gem) girl is just a

some of loud term
,

local to a point in 3D space .

> get ) in )

2) Hartree-Fock Effigy -
-

tr
i

I a

< gain,

girl

Eagle
-

- Eff goes vii. as gciyoroir
- tffgcirsvccrnsfcrirs

← a
connect different point in

fir ,
'm) =

Dyck if 't ' I So - t ) open

Hartree For is non - local approximation for Exa
,

and is extremely

successful in molecules
. For infinite systems and solids it tends to

exaggerate
the mire of bend gaps ,

end makes metals unstable
,

i. e.
,

metals More vanishing mess
.

In periodic nerds weep -
fi ) →

Ng
= IF in Goli leon

Hamlet
'

on

inurement system
( like OEG )



Continue Hartree - Fork
-

r - El

,

,  -
-

.

.

,

Ng
-

- IF
Ei -

-
- 's ? genius van .  - fceis.EE = - f tea . ' !:c:.:÷i× ,

Ei -

-

¥four'

tea . E
⇐

 . wife ai en

1¥
.

. ÷ .

' e' in t÷l

It r
"

- Zee
'

x = µ2

ou =  
- out I E- ÷÷4t¥¥enlY÷D ⇒

& r
'

Sxcx

×

= TF Q C
-

- z ."/←
IT - hell

- x ,

gwen
. particles mess : ma! = ¥LH¥%E!÷!

'

Ze =L become 0%5=0

¥ = Es ! c ⇒
;

s ! " , . zx¥enIExt
s ! ex .c) = bull - H t const

.
.  

-
 ⇒ 0*-1 → as

E- f-

conclusion : metal unstable in It
. F . hence Mff ⇒ O of f- f-

Specific beat diverges
at to

This is wrong for rimple metals ,
which

HE might be able to desiheflirmt Ng
- so )

The art pit is the long merge
below b repulsion Ng Cgno ) →  a

Ymteneetiom  is
"

over .
em phonied

" between very
distant given particles ,

which

is physically wrong ,
become of resuming effects in solids .



3) GI OIL

gT=EHcptE
t 's tto t .  -

- -

IOI GI = E "

Cg ] t Etr en Cl -veg .

of)

dad by upending
: OI Cg ] = E

"
-

Etr
C ve . egg) - I Tracy . g. me . egg )

- to Tr ( wig
.

g
. veg . g. we . gig ) -

.
.

 -
-

-

Con be reunites in terms of the screened coulomb interaction W end by :

W = - =
.

. .
.  - t .

- -
. t -

- O .  . t .  - -0--0--0 -
-

= Iggy
OI Coy,

WI = E
"

If ] t I Hence life H
.

F
.

cut with screenedv.
Y interaction .

What is
Pg Cr ) = = g. g ( hand to compute  with

ef interacting ,but

⇒

gie, = . yea , e.
a ,

AY with G ⇐ go ,
ie .

,
RPA

)
I # gift= f C- g) E "

"
T !

feedE hi:::÷÷÷:÷:÷÷:::÷i÷÷:÷
::::::c

:÷÷÷÷÷y= - zf¥¥.

fcasfc-a-yllemeo.tt#=-zgq3.,.fCEyI-fI
int Ee - Eng

int Ee -

Eeg
-

f- ex ) ex - ft - x ) T

iiiiii⇒= = ,+÷ .
.

,
# * an yea ,

Lindens tomb

For general g ,
or is still a complicated formula .

But at
of

- O
,

which is )
relevant for stability of metals

,
we here Pg ; HE -2141¥ flee ) ft - Ee )

t



Pg ;H= - 2147¥ flee ) ft - Ee ) -

- -2Tf¥I%f¥¥¥g2 ETDI )

Density of stokes of the

fcxlfc - x ) = Tf9¥) ; toff ) = ax )
ten . end

Dcwt 214¥, , orca - w )

Hence Pga . Ciro) = of

"

pg ;CDdi= Bpg :o) = - Dco )

Conclusion :

Wgc prog ,
I -

= g↳; ,

i. e
.

does not

It Ng Do ) diverge at geo
r

Wcorno
,

r ) I E
^

with X -

- 81T Did

Hence the method is
"

life
"

" screened Hartree Fort
"

end it's self -

energy

is approximately :

approximate .

form
- Ng = f÷x

Ei = - Eg? cgeciwsv . . .
.  =

- ¥5's
fca.si#IFx---f9iIttca.f:Yi...EI.e*+.1ktNlEx--Fafnir'

fog . )four ¥× = . our
'

flee .) bn = IT Sx CE)
Ir - r 't

r 't r
"

- Zee
'

×=µ2

a-  
- IF

S.ee#.a'a..fifce..senl9::7iIeI.)de

'

to : Sky ) -
-

- Ig !
"

de × he ( Cgtx5txh
Cy- x5txq )

sexed:jdy!=unlit ⇒ - I
i

.

'

s

'

⇐ . ±⇒y - ins .



Summary for RPA ( or Gw ) : metal stable with men :

#

an::

±u¥¥÷÷⇒m÷=¥i
,

'

O -

xx ) -
- Etf bn ( It ⇒ - I

*

Frequency dependence increases moss,
while

momentum dependence of See reduces the effective won .

Z tends to The close to unity when RPA  or GW reliable
,

hence memes

tend to be small
.

It terms out RPA and aw are not very good in metals

( LDA
,

GGA tend to agree
better with experiment ) ,

but they predict

better gaps
 in semiconductors thorns DFT based methods .

Bend
gaps

in

semiconductors
:



4) Dynamical Moon Field theory C DM FT )

>

← sum over
correlated ions at position I

OI [ YI = § OI [ Y Renae ] in needs .

Needs projection of G to

such
a

" correlated ehom
"

.

note nimiheity to LDA
'

-OI= folk Execfun

Example : mingle
land Hubbard model :

f
on -

site
cgii

loop
-
- E Ecg

am .

. . . H#
←

Tf the system i - periodic dfiicw) -=§?cgedw
)

what is to
enact

L cgi ;] = ?

E-
 we giit . t t iiit.  - - it e '

.
 -

i

all possible Feynman diagrams
.

Auxiliary problem of quartern impurity

;
which lies a mingle in kneeling  rite

← find,

H = U Mir Mia t Zed. disCei th . c . )
-

t Ee cut ai aiHead

↳Eeth
S -

- Jo !Hardintfoot !! ' discs) Dslr . i 's dis Ci
'

I

with Dsciw , =
HI

For the impurity we older home : Ee i w - a

Pimp I
cgimp

] = Trhrcginp
- Trc Zings Gimp) t Io [ Gimp ]



OI
" ' Egil-

. t

it it.  - - it e '

.
 -

Eine gins
. tiitit.  - - it e .

.
 -

i

iz imp

They one identical
,

provided that we

emerge Gimp
=

eyii of the lattice

problem end Wimp = Vii of the lattice problem .

Then simp .

. o¥'g?:p = oroI"'"cg# = [ ; ;

origin
.

Then
Gii

= § ,¥q- ⇐

Gimp
-

-

iw-E.IE#iwTP t
lattice problem impurity self -

energy

Hence we need to solve impunity problem with hybridisation
- A

Deus = i w tf
- Iii cut - ( § iwtfee-E.IN )

and
impunity level Einp =

- f

which delivers Iii c w )
,

end can be plugged back to

impiety solver .

Conclusion : The lattice problem solved with the solution on on ceweihleey

problem of Q
. .

I.M
.



DMsolution of the simplest rifle mend Hubbard model

D= half - treadmills

U = C
.

R
.

Mott  shale chord ¥ ~ 3 or Ign 1.5

Total
hendrik

phone

diagram
in

T end U plane

for 2b Hubbard

model with

D - ht

T

¥ ~ 1.25

Allowing Magnetic
I

Mott houri heon or above

solutions end

adding a bit of
f

antiferromagnetic
 insulator

frustration t
'

n tf
y

Antiferromagnetic
metal



Conservation Laws and conserving approximations
-

( 8.5 .

Rn)

continuity guenon 0¥ = - Bj
P

← does  current

smell conserves charge in  on approximation ?

disturbance creates

current
.

Bay m
- Kada u off  approach ( 1961

,

1962 )

They showed that conservation tons one satisfied if there exist

e functional OILY] such that :

-

Zags
-

-

set

regardthh
'm born to be calculated by

Lcl ,
z ; I 'd ) = - SIX tea ,

Xtc ⇒ Xcx , , Xcx , > - St Xtcx
, , Xcx ,

Dcxtcx , Xc xD

= .%g÷*=.ogYji⇒
When the wine term y

ex ,
xi ) is • wet to action s → St fxtcx, sycxix.hn/cxib4de

!

-  
-

-  .
 -  

.
 -

.
 -

To understand what goes wrong
with must approximations

derived in

different ways ,
we consider GW - life approximation ,

where the response

function would be computed by
the bubble

,
while the propagator Cly

contains

self -

energy ,
i. e.

, µ.
. where Of

= (i w  

tf
- EI - Ep Ciw ) )

"

t
Using such bnble me might attempt to compute charge response ,

such as

LI fairs first 'D and LI.jcrinfcr.it 'D

\



Niger .AE?wEi~tittgeciw

)
tr'

.

•
Pit We would getYg

( I fir ,
F) fir 't 's > -

- ftp.rsycr.ssxtcrtttcr 't 'D

a
EXci.sn#aDcxtcaisXcriD--gci-t:-----vgcitrii-is=-IfqE. ¥, gain gain , Eiko

- w ' " - it t  

ice
- Mei - in

for the current we

would get

(

Trjcr
,

⇒ girl ,
t 's > =

ztma.CI#cInC04cr.-D-6xtci.ssIXci.r-5fXtinisXcini

, >

I ztmi.SI Xtcr
,

⇒ yer 't 's ) c I ter
,

Xtcrt 'D

- Tmi CITY
,

is Xin
,

KT ,
ter .rs HTT'T 'D

=
- Tmi I get

'
- It

'
- A Is cgci.nl,

, . Bilger
'

- ist
'

- high
- titis )

i t
- I a

> 4 d
I

cgeciws
E

 ' w " - it " - " ⇒

qq.wge-iwis-ii-ircn-TD.to?g.fE.fEIsf-Emilii
, i.  ⇒ +  irie -

ing]. d I iStS ,ieacgeciw, E'
" ' ⇒ " r ' "  "

cgseiciwye
= - E- fE¥

.fi#.?,EImEgeciwvge.ciw.ge.icw-wKir-ttici-Escn-n
,

conservation low regains-offersto. jci.is -

- O -

¥-7become more in  imaginary
time

Mel trepang eiwt.eiciwnk-iizeiw.us
✓ I

toinmgimoytnegueng w →  iwm

⇐ is geringer't 'D tsorjcirsgciit
= - Erf"¥.fi?.I.?4u-wytiEefsici-i5fg.ciwvg..ciwyE'

'

"  " " "  " "
'

" "
 " " ⇒

-

a. Liu - iw
'

- Eni
'

] \
We have Dyson Eg .

! v

ge-iiws-iw-Em-E.c.io, ⇒
-ilgeiiws-ge-iciwytseciws-Eiciwig.ciwvg.is

- if lgerciw
' ) -

lgsciw
) t ( Eeciw ) - Eeciw 'D cgeciwcgiciw

" ]



( E.  is fir ,
D fir 't 'D t Jci,

D guilt 'D ⇐ Rcts ,
Tig should vanish

12=12
,

t Rn
but we get

Racism's 's =  ifE¥f¥÷. [ genius
.

g.
aw DE

'

"  -  " " "  " "
'

" "
 " " ⇒

=
- e

.

[ Cgc
ihr

, t.rs ore - i 's Pci -
ni ) -

get . E
,

t . i 't oft - i 's off - E ) ]
= O

-  icw - w 'll r - i 's tics - EKE . usy

Reti ,

'

r 't '

) -

- - fief ¥3's ( Eeciw ) - Ee, ciw's)Grow)Yellin ') e

06#tor arbitrary E !

hen be also written as

* I ⇐g) era - in
,

i - i 's gin -
i

,
it  is . @g) Citi ,

D get
- Ir - o'D to

Conclusion : When me dress g by some self -

energy
E

,
we have to compute

the charge - charge or cement - charge correlation functionsrnith vertex

corrections included

.
For GW

, if z = the and Ee  
i +

t .  -
-

then
eggs - qty.

Effy
. t t -

- t t . -

ladder mentee comedians

Derivation of Conservation laws

--

First derive the condition for the single particle Y

We will work on meal otis this time
,

hence

Gait
,

I 't '
) = is Tcf tinter 't 'D

We wont to make sure that ¥ t Jj > = O

First what is f and I :

( f C fit > =Lyter t ) X lit D= - ST , rtcr
, t.sn/tcratuDI=

, +

=
- i G ( I

,
⇐ It )

( jen,
t ' > = ziti s Xtc Eta Enter.

t
.) -Baxter . ⇒ Her , ti > =  ignite. (J

.
-E) GU ,

2=1 t )



Next me need to work out derivatives of f end J .

# .

Time  derivative of f ! ( g
> = - i GCI ,

E- It )
-

ftp.citss-fzsytcitlxcrtD-sfftitsxcritD-cxtci.tt#It

)
>

= - ft
.

' ?!;¥cFt⇒ ! ,
i GCI

, 2) i GCI ,
2)

=
- i ( Ita -1 It

,
) Gci ,

z
-
- It ) ( e )

Space derivative of I : Cj > = - Em ( E - E) Call ,
e- It )

-

( Bj > = I It Efm ) C E - E) Go
,

2=1 'T Cb )

W#ht
:Gier, me ,.fi#+g+Emjorcr-rsoht-ty=lift.trtEI)K

" " )Gotta
,

Ht 't ⇐ fifty -10£ ) sci - F) set - t
'

) = C- iotitpt EI ) i
" )

Hence
fromobfiniton

(c)

ofay :

lift
.-1ftEI ) Gain = (Goi! G) am

C- IIE-1ftII ) Gar ) = ( G . Go
" ) cuz ) ( ol )

Subtract (c) and Col) :

lift
,

' Eta) - t ]G44=(Got G - GGI
' ) cha )

Ii( Et
,

-1ft) tIto ) Jaap) = (Got
'

. G - G . Gi
' ) cuz ) I e )

nsenhhnf Ce ) and Cb ) into c e ) we get :

- Itf ' " 't ) - Bj = (Got
'

G - Gaj
' )ci ,

It ) = O for conservation low to hold

Dyson equation Got a = It EG

G Got = It gq ] hence Go
"

G - G Gj
'

= E a - gq

Hence we require @. a - G.E) Chit ) -
- O

-

like a  condition of vanishing
curl ⇒ exist functional OI

explicitly : - foul
Eci

,
2) Guilt ) - GCI

,
2) I C htt ) ] = O



Hence we went on approximation for which for ( I Ci
,

2) G Cz
,

it ) - GG
,

2) I C z
,

ItD= O holds
.

yt turns out that this holds whenever Eu , a) =

5gO¥zj

. is the derived from the

generating functional .

.

We want to prove
that when Ellis -

- Effy , ,
then :

for

.EE#Gczi7-aamofITn..D--
O

The strong of cutting the cole but not eating it :

area away diatom Io

Tk
& "fok %¥ Gail ) will cut one

propagator
end will put It back

Its
one c ,

Tpwb it heck

Result is : 2 m OI because these are zm propagators
to at

.

If  one fixes one time at ai

,
then Io =

org -2¥;
'

*
⇐is Gai ) §"Hf#up ,

cuts  one line cuts  different
time

-

but  it always puts it week ,
hence result is the

same OI in both cores .

When subtracted, five zero !

Summary ! If Ears = fatty
, , ,

then mingle particle G obeys
conservation lows !



Conserving approximation for two particle response
-

Recall !

z= gone
.  Es

-

HIGH
④!i

orfhytq-tzfocxttt.ES
xasrxtcz , = - Gary

Fent Xtrycanoyst,

-

-

-fg÷¥tzfotxtxse-sx.x.tn,

= Er4545447- LITEX
,

>Htt > = -Kees ,
41 )

We want to compute

L (23,4/7)=

J Jfc
34 )

start with mohit identity G . G-
I

=/

G - G
- I

=/ : ga .
→ G-

 '

cyst = J ' 'T )

Fgc.

- '

tardy't o : rgGg,
G-

' cast tacks %j? - o

Ega
!

Eft - 4 :

rffi÷,
a-

'
cast -

aamIgi÷,

-

aamfgi.si?,=o/aaiasJG-) 8146 ) - Gci ,
2) R2

,
3) RJ

, 4) Gcs
, 6) - GCI ,

2)
Eyes, 4)

oyez , ,
GEN ) = O

rat )

rfcs,
a )

- Gcl , 3) G ( 916 ) - Ga
,

2)
%f2yj.si?gGC

5,67=0

¥% = Fa Eg :

%j% - Gas , also ) - Ga.IE?iI?ydggYsYyGH4--
O

GIZ

Finally :

o¥j
)

= Gap ,

Gaz
)

t

Gaia%g¥p%j%GCT4

Diagrammatically 2 -

#
2 J

it anemones a :
.

=
t

G 7



Note that off = f÷¥
,

is the second derivative of the generating

functional .
Hence of gives complete description of how to calculate

the high
- order correction functions .

Gm particular

fate
,

is the irreducible vertex for two particle Ga .

Bethe See peter-
!

C 7,8 )

= Go
,

3) Ga
,atGai

,

6)[g%¥pTgcFDG

'T

2)
Effi,

s
.

→ y i
2

-#Z
.¥¥=

⇒

+ cm
6 7

Exempted

: Haha - Foe - E for E
-

What is the corresponding Cfp or Lj J > ?

Zeistt
.

: :i÷. :
6 6

llfehenol
2

2 2

Bene see peter :

.

=

,

t

6

' =

mmmm
- " e

: + Ii ,
G

-

6

T T

generates
RPA generates

bubbles ladders
-

bubbles and ladders



If we one  interested in charge - charge correlation function Xe
,

then
the

vertex is unity .

Me con then use a trick to pre - sum geometric
series of diagrams by working

with so - called polarisation :

X'
a

= If = P t p Nap t prep we P t -
-

-

which isXo = P t No P Xc and oligarchically
EEE = t IIE

while

2 4

2.
4 2

2

= t It I
6

6

Yt should be clear that

III. = It
Hence

by writing equation for polarisation P ( which is related to XEY⇒
me keep only

the exchange part of the tensional drivetime ¥g×
.

Ym another words
,

we money to remove Efg" from Bethe - Saltpeter

genetics ly concentrating on
P rather then x

.

This car be generalized,
so that in general core P contains

irreducible vertex of Effc
,

where OI
"

= OI - IO't

,

i. e
.

III. = It ÷EtEE
Note that this works for charge response ,

while optics ( calculated ly

cjj > has extra vertices at the two ends in . it and

requires slightly modified agnation , involving the granting if .

d

.



Finally , Bay
m - Kochan off approach also shows how one

should

compute correlation functions within other methods
,

such or DMFT

or DFT
.

Yn particular according to Ega ) in DM

FT
me should use :

2 4 Z J

i:¥¥.

. ±
.

Smh irreducible mentee to Ft

can be calculated ly the impurity when

or GSG

by computing the
corresponding impunity grannies !

4
z 4 2 5

823,1¥= a +

z 6

where : Limp ( 23
,

hi ) = - Lts Xztxst 44 ,
> t SIXTY > stiff  Xa >
imp imp

Gimp Geethaand notice : * sq

- -  -  
.

 - .  -

Within DFT
, for eeonyle

,
the Hartree term is treated eeoety ,

mnhieh can

be absorbed by computing polarisation P
.

The polarisation should he

however computed in the presence of exchange - correlation kernel :

f- ¥ = E2ExaEfI
og org

and polarisation should be

III. = It iEE
Ym practice FEET is rather small end is  almost always neglected ,

no

that DFT response functions one usually calculated using formulas

for the Hartree - interacting problem ( RPA )
.





Note on constructing stationary functional of the

Green 's function

Definition of partition function : Z -

- fatty Es where

action s -
- fatal t t A - pH ]

Definition of the Green 's function Ge
,

⇒ = - stitch Ttr 'D

( imaginary time )

1) A old source term to S : s → St Jok Xtc x ) fcx ,
x 's Xcx 's

note x -
- CIA which is life conjugate field to

"London

order parameter
"

.

Free
energy

in the presence of the field is a Gibbs free energy ref ] = E [ GT - Tr ( G -

y )

end con he calculated from the corresponding partition function z

EMI ! 2- = faxing e-
s - foll Xtcxsycx,

x 's Xcx 's

Me then obtain :

5¥,

= - the fouty
Es

- f " # IFxtcxyxcxs ) =L Xcx , Xtc x' D= - Gani ,

The functional FIG ] is the Legendre transform of the Gibbs free energy
and is FCG ] =

Rey ] +Tr ( G. y ) = ref ] t full de
'

Gex
,

x 's Jax ,

Then me have or Fca ] = oranget Tr ( or G ft Gory) =

Troy
or G)

-

TRIGorg
)

Then if source term is removed y
-

- 0
,

we have off
,

=

Y
= O

=

The free energy
functional

"

FC GI is
Ith

may with repeat to G
.










