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I. LAPW INTRO

First we refresh the basic LAPW equations. The LAPW basis in the interstitials is

χk+K(r) =
1√
V
ei(k+K)r =

∑
lm

4πil√
V
ei(k+K)rµY ∗lm(Rµ(k̂ + K̂))jl(|k + K||r− rµ|)Ylm(Rµ(r− rα)) (1)

and in the MT-spheres is

χk+K(r) =
∑
lm,µ

4πilS2

√
V

ei(k+K)rµY ∗lm(Rµ(k + K))
(
āk+K
l ul(|r− rµ|) + b̄k+K

l u̇l(|r− rµ|)
)
Ylm(Rµ(r− rµ)) (2)

χν=(lmµ)(r) =
∑
m′µ′

4πilS2

√
V

ei(k+Kν)rµ′Y ∗lm′(Rµ′(k + Kν))(aloν ul(|r− rµ′ |) + bloν u̇l(|r− rµ′ |) + cloν u
LO
l (|r− rµ′ |))Y ∗lm′(Rµ′r)

In the last term we take a combination of alo, blo and clo so that the combined orbital

ulocν (r) = aloν ul(r) + bloν u̇(r) + cloν u
LO
l (3)

vanishes at the MT-boundary. In LAPW method, we can also make derivative dulocν (r = RMT )/dr vanish, while in
APW+lo only the value ulocν (r = RMT ) vanishes. Note that the index for the local orbital ν comprises (µ, l, jlo, α,m)
in this order, where (µ, l, jlo, α, m) are (index of a sort, l, index enumerates local orbital, index of the equivalent
atom, m).

Notice that the phase factor in the local orbital functions is taken to be the same as in augmented plane waves.
Moreover, Kν is taken to be different for each local orbital component. Namely, each set of equivalent atoms and
their m quantum numbers are assigmed a unique set of K’s, usually just starting from the beginning of the list. For
different atom types and different l’s the reciprocal vectors repeat, so that for example each first atom of a new type
and its first m = −l will have Kν = 0 vector.

The matching conditions, which give continuous derivative of χk+K across S are(
ul(S) u̇l(S)
d
drul(S) d

dr u̇l(S)

)(
āk+K
l

b̄k+K
l

)
=

1

S2

(
jl(|k + K|S)
d
dr jl(|k + K|S)

)
(4)

with the solution(
āk+K
l

b̄k+K
l

)
=

1

S2

(
d
dr u̇l(S) −u̇l(S)
− d
drul(S) ul(S)

)
1

ul(S) ddr u̇l(S)− u̇l(S) ddrul(S)

(
jl(|k + K|S)
d
dr jl(|k + K|S)

)
(5)

The two solutions satisfy the following equations(
− d2

dr2
+
l(l + 1)

r2
+ VKS(r)− Eν

)
rul(r) = 0 (6)(

− d2

dr2
+
l(l + 1)

r2
+ VKS(r)− Eν

)
ru̇l(r) = rul(r) (7)

We multiply the first equation by ru̇l(r) and the second by rul(r) to obtain∫ S

0

dr

{
ru̇l(r)

(
− d2

dr2

)
rul(r)− rul(r)

(
− d2

dr2

)
ru̇l(r)

}
= −

∫ S

0

drr2ul(r)ul(r) (8)
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Integration by parts gives [
−ru̇l(r)

d

dr
(rul(r)) + rul(r)

d

dr
(ru̇l(r))

]S
0

= −1 (9)

which finally leads to

u̇l(S)
d

dr
ul(S)− ul(S)

d

dr
u̇l(S) =

1

S2
(10)

Hence, we can than simplify the solution for alm and blm to(
āk+K
l

b̄k+K
l

)
=

(
u̇l(S) ddr jl(|k + K|S)− d

dr u̇l(S)jl(|k + K|S)
d
drul(S)jl(|k + K|S)− ul(S) ddr jl(|k + K|S)

)
(11)

This equation is implemented in Wien2k, and also in both dmft1 and dmft2 steps.
In the following we will many times use alternative shorter notation for these coefficients, namely,

ãlK ≡ āk+K
l (12)

b̃lK ≡ b̄k+K
l (13)

To construct the basis functions ul, the Hamiltonian in the muffin-thin sphere is solved in so-called spherical
approximation to Kohn-Sham potential. The KS Hamiltonian has the form

Hsph = −∇2 + VKS(r) (14)

where VKS(r) = V symKS (r) +V n−symKS (r) is split into spherically symmetryc and the rest. In the calculation we actually
use an equivalent but more symmetric form of the kinetic energy operators, namely

TK′K = 〈χK′ |T |χK〉 =

∫
r

(∇χ∗K′) · (∇χK) =

∫
r

∇ · (χ∗K′∇χK) +

∫
χ∗K′(−∇2)χK (15)

In the interstitials we use directly ∇ · ∇ operator, while in the MT-spheres, we need to add the surface term on the
MT-sphere, i.e.,

〈χK′ |Hsym|χK〉MT =

∫
MT

dr χ∗K′(−∇2 + V symKS )χK +

∮
MT

d~Sχ∗K′∇rχK (16)

(17)

To evaluate these terms in the MT-sphere, we first define

almK ≡ āk+K
l

4πilS2

√
V

ei(k+K)rµY ∗lm(Rµ(k + K)) (18)

blmK ≡ b̄k+K
l

4πilS2

√
V

ei(k+K)rµY ∗lm(Rµ(k + K)) (19)

aloKν ,ν,m,µ ≡ a
lo
ν

4πilS2

√
V

ei(k+Kν)rµY ∗lm(Rµ(k + Kν)) (20)

bloKν ,ν,m,µ ≡ b
lo
ν

4πilS2

√
V

ei(k+Kν)rµY ∗lm(Rµ(k + Kν)) (21)

cloKν ,ν,m,µ ≡ c
lo
ν

4πilS2

√
V

ei(k+Kν)rµY ∗lm(Rµ(k + Kν)) (22)

(23)

We also define the following matrices of matrix elements

H ≡


El − ε 1

2

(
El+E

′
l

2 − ε
)
〈ul|uLOl 〉

1
2 (El − ε) 〈u̇|u̇〉

(
El+E

′
l

2 − ε
)
〈u̇|uLO〉+ 1

2 〈ul|u
LO
l 〉(

El+E
′
l

2 − ε
)
〈ul|uLOl 〉

(
El+E

′
l

2 − ε
)
〈u̇l|uLOl 〉+ 1

2 〈ul|u
LO
l 〉 (E′l − ε) 〈uLOl |uLOl 〉

 (24)
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and for the surface term

HS = S2


ul
dul
dr

1
2S2 + ul

du̇l
dr

1
2

[
ul
duLOl
dr + uLOl

dul
dr

]
1

2S2 + ul
du̇l
dr u̇l

du̇l
dr

1
2

[
u̇l
duLOl
dr + uLOl

du̇l
dr

]
1
2

[
ul
duLOl
dr + uLOl

dul
dr

]
1
2

[
u̇l
duLOl
dr + uLOl

du̇l
dr

]
uLOl

duLOl
dr


r=S

(25)

The matrices correspond to (〈uκ′l |Hsym − ε|uκl 〉+〈uκl |Hsym − ε|uκ
′

l 〉
∗
)/2, where κ runs over [u, u̇, uLO]. The derivation

of these matrix elements will become clear below. Note also that the HS12 term looks different, but we could cast it

into more symmetric form using Eq. 10, namely HS12 = 1
2 [ul

du̇l
dr + u̇l

dul
dr ] so that the matrix is

HS = S2


ul
dul
dr

1
2 [ul

du̇l
dr + u̇l

dul
dr ] 1

2

[
ul
duLOl
dr + uLOl

dul
dr

]
1
2 [ul

du̇l
dr + u̇l

dul
dr ] u̇l

du̇l
dr

1
2

[
u̇l
duLOl
dr + uLOl

du̇l
dr

]
1
2

[
ul
duLOl
dr + uLOl

dul
dr

]
1
2

[
u̇l
duLOl
dr + uLOl

du̇l
dr

]
uLOl

duLOl
dr


r=S

(26)

Using Eq. 6 and 7 we can evaluate the Hamiltonian in the MT-sphere. First we calculate the terms without local
orbitals:

〈χK′ |Hsym − ε|χK〉MT =

∫
MT

dr χ∗K′(−∇2 + V symKS − ε)χK +

∮
MT

d~Sχ∗K′∇rχK (27)

=
∑
lm

∫
MT

dr Y ∗lm(r)(a∗lmK′ul + b∗lmK′ u̇l)(−∇2 + V symKS − ε)(almKul + blmKu̇l)Ylm(r)

+S2
∑
lm

∫
MT

dΩ(a∗lmK′ul(S) + b∗lmK′ u̇l(S))(almK
dul(S)

dr
+ blmK

du̇l(S)

dr
)Y ∗lmYlm

=
∑
lm

∫
MT

dr(a∗lmK′ul + b∗lmK′ u̇l) [(El − ε)(almKul + blmKu̇l) + blmKul]

+S2
∑
lm

(a∗lmK′ul(S) + b∗lmK′ u̇l(S))(almK
dul(S)

dr
+ blmK

du̇l(S)

dr
)

=
∑
lm

(El − ε)(a∗lmK′almK + b∗lmK′blmK 〈u̇l|u̇l〉) + a∗lmK′blmK (28)

+S2
∑
lm

(
a∗lmK′almKul(S)

dul(S)

dr
+ b∗lmK′blmKu̇l(S)

du̇l(S)

dr
+ a∗lmK′blmKul(S)

du̇l(S)

dr
+ b∗lmK′almKu̇l(S)

dul(S)

dr

)
Here we center the origin on studied atom, and assume that the axis was properly rotated to the local coordinate
axis. We know that

u̇(S)
du(S)

dr
− u(S)

du̇(S)

dr
=

1

S2
(29)

hence we can use this identity in the last term to obtain more symmetric result

〈χK′ |Hsym − ε|χK〉MT = (El − ε)(a∗lmK′almK + b∗lmK′blmK 〈u̇l|u̇l〉) + a∗lmK′blmK + b∗lmK′almK (30)

+ S2

(
a∗lmK′almKul(S)

dul(S)

dr
+ b∗lmK′blmKu̇l(S)

du̇l(S)

dr
+ (a∗lmK′blmK + b∗lmK′almK)ul(S)

du̇l(S)

dr

)
We can cast this equation into the following matrix form

〈χK′ |Hsym − ε|χK〉MT =
(
a∗lmK′ b

∗
lmK′ 0

)
(H+HS)

 almK

blmK

0

 (31)

Next we calculate the local-orbital part. The mixed term of the Hamiltonian is symmetrize and takes the form

H̃Kν ≡
1

2
〈χK|Hsym − ε|χν〉MT +

1

2
〈χν |Hsym − ε|χK〉∗MT = (32)

1

2

∫
MT

dr[χ∗K(−∇2 + V symKS − ε)χν + χν(−∇2 + V symKS − ε)χ
∗
K] +

1

2

∮
MT

d~S[χ∗K∇rχν + χν∇rχ
∗
K] (33)
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H̃Kν =
(4πS2)2

V

∑
m′µ′

ei(Kν−K)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k)) (34)

×
(
〈aloν ul + bloν u̇l + cloν u

LO
l |H − ε|ãlKul + b̃lKu̇l〉 (35)

+
S2

2

(
(ãlKul + b̃lKu̇l)

dulocall

dr
+ ulocall

d(ãlKul + b̃lKu̇l)

dr

)∣∣∣∣
r=S

)
(36)

Here overline means symmetrize the matrix elements. Note that ulocν is the orbital which vanishes at the MT-boundary

ulocν (r) = aloν ul(r) + bloν u̇(r) + cloν u
LO
l (37)

and hence we can drop the last term of Eq. 36. But in this derivation we will keep it, so that the result is more
symmetric. We will again use the identity

u̇l(S)
dul(S)

dr
= ul(S)

du̇l(S)

dr
+

1

S2
(38)

to obtain a symmetric form of the surface term

S2

2
(ãlKul(S) + b̃lKu̇l(S))

dulocall

dr
+
S2

2
ulocall

d(ãlKul + b̃lKu̇l)

dr
= (39)

ãlKa
lo
ν S

2ul(S)
dul(S)

dr
+ b̃lKb

lo
ν S

2u̇l(S)
du̇l(S)

dr
(40)

+(ãlKb
lo
ν + b̃lKa

lo
ν )(

1

2
+ S2ul(S)

du̇l(S)

dr
) (41)

+ãlKc
lo
ν

S2

2
(ul(S)

duLOl (S)

dr
+ uLOl (S)

ul
dr

) (42)

+b̃lKc
lo
ν

S2

2
(u̇l(S)

duLO(S)

dr
+ uLOl (S)

u̇l
dr

) (43)

(44)

Next we need the action of the Hamiltonian operator on the local orbital

(−∇2 + Vsym − ε)ulocν (r) = aloν ul (El − ε) + bloν (u̇l(El − ε) + ul) + cloν u
LO
l (E′l − ε) = (45)

(aloν (El − ε) + bloν )ul + bloν (El − ε)u̇l + cloν (E′l − ε)uLOl (46)

and we also use the action of H on LAPW

(−∇2 + Vsym − ε)ul = (El − ε)ul (47)

(−∇2 + Vsym − ε)u̇l = (El − ε)u̇l + ul (48)

We hence get the following expression (in the form used in lapw1)

H̃Kν =
(4πS2)2

V

∑
m′µ′

ei(Kν−K)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))× (49)

×
[
ãlK(Cν11 + ul(S)kinlo) + b̃lK(Cν12 + u̇l(S)kinlo)

]
(50)

Cν11 =
1

2
(〈ulocν |Hsym − ε|ul〉+ 〈ul|Hsym − ε|ulocν 〉) = aloν (El − ε) +

1

2
bloν + cloν 〈u|uLO〉

(
El + E′l

2
− ε
)

(51)

Cν12 =
1

2
(〈ulocν |Hsym − ε|u̇l〉+ 〈u̇l|Hsym − ε|ulocν 〉) =

= bloν 〈u̇l|u̇l〉 (El − ε) + cloν 〈u̇l|uLO〉
(
El + E′l

2
− ε
)

+
1

2
aloν +

1

2
cloν 〈ul|uLOl 〉 (52)

kinlo =
1

2
S2 du

loc
ν (r)

dr
|r=S (53)
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Inserting the above quantities into the previous equation, we get an equivalent expression

H̃Kν =
∑
m′µ′

(
a∗lm′µ′K b∗lm′µ′K 0

)
(H+HS)

 aloKν ,ν,m′,µ′

bloKν ,ν,m′,µ′

cloKν ,ν,m′,µ′

 (54)

Finally, we work our the local-orbital part of the form

H̃νν′ ≡
1

2
(〈χν |Hsym − ε|χν′〉+ 〈χν′ |Hsym − ε|χν〉∗) (55)

First we recognize

〈χν |Hsym − ε|χν′〉 =
(4πS2)2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Y ∗lm′(Rµ′(Kν′ + k))Ylm′(Rµ′(Kν + k))× (56)

(aloν 〈ul|H − ε|ulocν′ 〉+ bloν 〈u̇l|H − ε|ulocν′ 〉+ cloν 〈uLOl |H − ε|ulocν′ 〉) (57)

and hence

H̃νν′ =
(4πS2)2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Y ∗lm′(Rµ′(Kν′ + k))Ylm′(Rµ′(Kν + k))×
(
aloν , b

lo
ν cloν

)
H

 aloν′

bloν′

cloν′

 (58)

In more compact form we can write

H̃νν′ =
∑
m′′µ′′

(
alo ∗Kν ,ν,m′′,µ′′

, blo ∗Kν ,ν,m′′,µ′′
clo ∗Kν ,ν,m′′µ′′

)
H

 aloKν′ ,ν
′,m′′,µ′′

bloKν′ ,ν
′,m′′,µ′′

cloKν′ ,ν
′,m′′,µ′′

 (59)

The surface term vanishes here, as we are evaluating terms like ulocν′ (S) ddru
loc
ν (S). We can therefore add to H the

surface term HS without changing the result. Namely, we could send H → H+HS in Eq. 59.
We will need quantities like ∑

K′K

A†iK′H̃K′KAKj (60)

where AKi are KS-eigenvectors and K runs over reciprocal vectors as well as local orbitals. Since H is equal in all
terms, we can simplify

∑
K′ A

†
iK′a

∗
lmµK′ +

∑
Kν

A†iKν
alo ∗Kν ,ν,mµ∑

K′ A
†
iK′b

∗
lmµK′ +

∑
Kν

A†iKν
blo ∗Kν ,ν,mµ∑

Kν
A†iKν

clo ∗Kν ,ν,mµ

H

∑

K almµKAKj +
∑

Kν
aloKν ,ν,mµ

AKνj∑
K blmµKAKj +

∑
Kν

bloKν ,ν,mµ
AKνj∑

Kν
cloKν ,ν,mµ

AKνj

 (61)

and if we call  ai,lmµ
bi,lmµ
ci,lmµ

 ≡

∑

K almµKAKj +
∑

Kν
aloKν ,ν,mµ

AKνj∑
K blmµKAKj +

∑
Kν

bloKν ,ν,mµ
AKνj∑

Kν
cloKν ,ν,mµ

AKνj

 (62)

we get  a∗i,lmµ
b∗i,lmµ
c∗i,lmµ

H
 aj,lmµ
bj,lmµ
cj,lmµ

 (63)

——————– BELOW IS THE OLD TEXT, WHICH IS WRONG ——————–
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(Hsph − ε) |χK〉 = Ylm(r̂)[aKlm(El − ε)ul(r) + bKlm(El − ε)u̇l(r) + bKlmul(r)] (64)

Here we center the origin on studied atom, and assume that the axis was properly rotated to the local coordinate
axis.

The Hamiltonian is then given by

〈χK′ |Hsph − ε|χK〉 =
∫
dr[aK

′∗
lm ul(r) + bK

′∗
lm u̇l(r) + cK

′∗
lm uLO(r)][a

K
lm(Eν − ε)ul(r) + bKlm(Eν − ε)u̇l(r) + bKlmul(r) + cKlm(Eµ − ε)uLO(r)](65)

which gives

〈χK′ |Hsph − ε|χK〉 = aK
′∗

lm [aKlm(Eν − ε) + bKlm + cKlm(Eµ − ε) 〈u|uLO〉]
+ bK

′∗
lm [bKlm(Eν − ε) 〈u̇l|u̇l〉+ cKlm(Eµ − ε) 〈u̇l|uLO〉]

+ cK
′∗

lm [aKlm(Eν − ε) 〈uLO|ul〉+ bKlm 〈uLO|ul〉+ bKlm(Eν − ε) 〈uLO|u̇l〉+ cKlm(Eµ − ε)] (66)

Here we used the relation 〈ul|u̇l〉 = 0. The Hamiltonian is Hermitian, but in its current form appears non-Hermitian,
hence we will symmetrize it,

〈χK′ |Hsph − ε|χK〉 = aK
′∗

lm aKlm(Eν − ε) +
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm] +

1

2
[aK

′∗
lm cKlm + cK

′∗
lm aKlm](Eµ − ε) 〈u|uLO〉+

+ bK
′∗

lm bKlm(Eν − ε) 〈u̇l|u̇l〉+
1

2
[bK
′∗

lm cKlm + cK
′∗

lm bKlm](Eµ − ε) 〈u̇l|uLO〉+

+
1

2
[cK
′∗

lm aKlm + aK
′∗

lm cKlm](Eν − ε) 〈uLO|ul〉+
1

2
[cK
′∗

lm bKlm + bK
′∗

lm cKlm][〈uLO|ul〉+ (Eν − ε) 〈uLO|u̇l〉] + cK
′∗

lm cKlm(Eµ − ε)

which is simlified to

〈χK′ |Hsph − ε|χK〉 = aK
′∗

lm aKlm(Eν − ε) + bK
′∗

lm bKlm(Eν − ε) 〈u̇l|u̇l〉+
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm] +

+ cK
′∗

lm cKlm(Eµ − ε) +
1

2
[aK

′∗
lm cKlm + cK

′∗
lm aKlm](Eµ + Eν − 2ε) 〈u|uLO〉+

+
1

2
[cK

′∗
lm bKlm + bK

′∗
lm cKlm][〈uLO|ul〉+ (Eµ + Eν − 2ε) 〈uLO|u̇l〉] (67)

——————– END THE OLD TEXT ——————–

1. Extra term when using APW+lo

For efficiency, wien2k uses APW+lo for many atoms (and for others LAPW), because less plane waves is needed
in this case. The basis function in the MT part looks similar, except that blm = 0, i.e.,

χk+K(r) =
(
almul(|r− rα|) + clmu

loc(|r− rα|)
)
Ylm(R(r̂− r̂α)) MT − sphere (68)

As uloc vanishes at RMT only the value of χk+K is matched to determine alm:

alm =
4πil√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))jl(|k + K|S)/ul(S) (69)

However, uloc(r) is constructed differently in APW+lo. In LAPW method, uloc(r) is constructed from ul, u̇l and
u2l , where u2l is linearized solution at some other energy E′l , different from El. To costruct uloc, however, we use
just the combination of ul and u̇l only, i.e., uloc = αul + βu̇l. The combination of these two function suffices to
achieve uloc(S) = 0 and

∫
|uloc|2dr = 1. The dissadvatage of this basis is that the derivative of χk+K(r) across

the MT-boundary is not continuous, hence additionsl term in the Hamiltonian and forces is present. But since the
convergence with plane-wave cut-off is better, this is a small price to pay.

The form of the kinetic operator used in the interstitials is

TK′K =

∫
d3r(∇χ∗K′)(∇χK), (70)
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while in the MT-sphere, we use the alternative form 〈χ| − ∇2|χ〉. Using Stokes theorem, we can always change between
the two forms

(∇χ∗K′)(∇χK) = ∇ · (χ∗K′ ∇χK) + χ∗K′ (−∇2)χK (71)

hence ∫
d3r(∇χ∗K′)(∇χK) =

∫
d3rχ∗K′ (−∇2)χK +

∮
~S (χ∗K′ ∇χK) (72)

We use this for the MT-sphere part, and whenewer T needs to be evaluated, we add this extra surface term∫
MT

d3r(∇χ∗K′)(∇χK) =

∫
MT

d3rχ∗K′ (−∇2)χK +

∮
MT

d~S (χ∗K′ ∇χK) (73)

Discussion about this can be found in PRB 64, 195134 (2001) in appendix.

II. FORCES

We start with DFT forces in LAPW. The DFT functional is

E = Tr(−∇2G) + EH [ρ] + Exc[ρ] + Tr[ρVnucleous] + Enucleous (74)

Here Enucleous = 1
2

∑
α6=β

ZαZβ
|Rα−Rβ | and Vnucleous(r) = −

∑
α

Zα
|r−Rα|

We can rearange the functional using the eigenvalues in the DFT solution

(−∇2 + VKS − εi) |ψik〉 = 0 (75)

and get

E = Tr(εiG)− Tr(VKSρ) + EH [ρ] + Exc[ρ] + Tr[ρVnucleous] + Enucleous = (76)∑
i

εifi − Tr(VKSρ) + EH [ρ] + Exc[ρ] + Tr[ρVnucleous] + Enucleous (77)

This is the equation being implemented, hence we have to look at small variation of this functional with respect to
small movement of a nucleous δRα.

We get Helman-Feynman forces FHF by varying the following two terms

δEnucleous
δRα

+ Tr(ρ
δVnucleous
δRα

) = −FHFα (78)

The rest of the variations can contribute to Pulley forces

δE =
∑
i

δεifi − Tr(ρδVKS)− Tr(VKSδρ) + Tr(VHδρ) + Tr(Vxcδρ) + Tr[Vnucleousδρ]−
∑
α

FHFα δRα (79)

Notice that we did not varry fi. This is because such term would contribute to entropy, which we neglected here
anyway. Within DMFT, this has to be handled correctly. The terms 2-6 are all computed in real space with numeric
integration, so we can safely cancel terms 3-6, since they are computed in exactly the same way. We get

δE =
∑
i

δεifi − Tr(ρδVKS)−
∑
α

FHFα δRα (80)

The first two terms do not cancel because of the discretization using LAPW basis set in computing eigenvalues.
To get variation of eigenvalues, we need to follow their computation, which is achieved through the following

diagonalization ∑
KK′

A∗i,K′(HK′K − εiOK′K)Ai,K = 0 (81)
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Even when atoms move, this equation remains satisfied, hence variation of the equation has to vanish. The variation
gives

0 =
∑
KK′

δA∗i,K′(HK′K − εiOK′K)Ai,K +A∗i,K′(HK′K − εiOK′K)δAi,K +A∗i,K′(δHK′K − εiδOK′K)Ai,K −A∗i,K′OK′KAi,Kδεi

The first two terms vanish, the term
∑

KK′ A
∗
i,K′OK′KAi,K = 1, hence

δεi =
∑
K,K′

A∗i,K′(δHK′K − εiδOK′K)Ai,K (82)

Next we vary Hamiltonian and overlap

δ 〈χK′ |H|χK〉 = 〈δχK′ |H|χK〉+ 〈χK′ |H|δχK〉+ 〈χK′ |δH|χK〉 (83)

δ 〈χK′ |χK〉 = 〈δχK′ |χK〉+ 〈χK′ |δχK〉 (84)

to obtain

δεi =
∑
K,K′

A∗i,K′ (〈δχK′ |H − εi|χK〉+ 〈χK′ |H − εi|δχK〉+ 〈χK′ |δH|χK〉)Ai,K (85)

Putting all terms together gives

δE =
∑
i

fi
∑
K,K′

A∗i,K′ (〈δχK′ |H − εi|χK〉+ 〈χK′ |H − εi|δχK〉+ 〈χK′ |δH|χK〉)Ai,K − Tr(ρδVKS)−
∑
α

FHFα δRα(86)

and hence Pulley forces are

FPulleyα = −
∑
i

fi
∑
K,K′

A∗i,K′

(
〈δχK′

δRα
|H − εi|χK〉+ 〈χK′ |H − εi|

δχK

δRα
〉+ 〈χK′ |

δ

δRα
H|χK〉

)
Ai,K + Tr(ρ

δVKS
δRα

) (87)

which can also be written as

FPulleyα = −
∑
i

fi

(
〈∂ψik
∂Rα

|H − εi|ψik〉+ 〈ψik|H − εi|
∂ψik
∂Rα

〉+ 〈ψik|
δ

δRα
H|ψik〉

)
+ Tr(ρ

δVKS
δRα

) (88)

Here

〈ψik|
δ

δRα
H|ψik〉 = 〈ψik|

δVKS
δRα

|ψik〉+ 〈ψik|
δT

δRα
|ψik〉 (89)

The first term
∑
i fi 〈ψik|

δVKS
δRα
|ψik〉 = Tr(ρ δVKSδRα

) cancels with the last term above, when VKS is treated exactly (not

approximated by spherical symmetric part).
The kinetic part 〈ψik| δTδRα

|ψik〉 is present when the 〈χvK′ |∇2|χK〉 jumps across MT-boundary, as there is additional
surface term.

A. Core

In core, the index is l,m instead of K. The wave functions of core states have the following form χαlm(r − Rα),
hence they move with the atom, and their derivative is

δχαlm(r−Rα)

δRα
= −∇rχ

α
lm (90)

hence we have

FPulleyα =
∑
lm

(
〈∇χαlm|H − εi|χαlm〉+ 〈χαlm|H − εi|∇χαlm〉 − 〈χαlm|

δ

δRα
H|χαlm〉

)
+ Tr(ρ

δVKS
δRα

) (91)
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In core we approximate VKS(r) to be spherically symmetric. It is then easy to see that H is spherically symmetric
too. In fact, all m’s are degenerate, hence

∑
m∇χαlm ∝ er, and consequently all three terms on the left vanish, as

they are odd in space. The only nonzero term is

FPulleyα = Tr(ρ
δVKS
δRα

) = −Tr(ρ∇rV
α
KS) (92)

Note that here spherical symmetric part ov VKS(r) does not contribute, as such term appears also in the thirt term
above and we argued above that it is odd. Hence, only the non-spherical part of VKS(r) gives contribution to the
integral

FPulleyα = −Tr(ρα∇rV
non−sph,α
KS ) (93)

B. Valence states

1. Basic Derivation

In the interstitials, we use originless plane waves, hence

δχIK
δRα

= 0. (94)

In MT-part, we check definition of χMT
K in Eqs. 2 and 11. The approximate formula is

δχMT
K

δRα
= i(K + k)χMT

K −∇rχ
MT
K + · · · (95)

The first term comes from the phase factor of alm’s Eq. 11, while the second term is from differentiating ul(|r −
Rα|)Ylm(r̂−R̂α). There are additional terms when differentiating alm’s as ul(S) changes as well, but their contribution
is here neglected.

We hence have

FPulleyα = −
∑
i

fi
∑
K,K′

A∗i,K′i(K−K′) 〈χK′ |H − εi|χK〉MT Ai,K + (96)

+
∑
i

fi
∑
K,K′

A∗i,K′ (〈∇rχK′ |H − εi|χK〉MT + 〈χK′ |H − εi|∇rχK〉MT )Ai,K − (97)

−
∑
i

fi
∑
K,K′

A∗i,K′

(
〈χK′ |

δT

δRα
|χK〉+ 〈χK′ |

δVKS
δRα

|χK〉
)
Ai,K + Tr(ρ

δVKS
δRα

) (98)

First we simplify Eq. 97. We split H − ε = VKS + T − ε and simplify∫
MT

d3r
(
(∇rχ

∗
K′+k)(VKS + T − εi)χK+k + χ∗K′+k(VKS + T − εi)∇rχK+k

)
= (99)∫

MT

d3rVKS∇r

(
χ∗K′+kχK+k

)
+

∫
MT

d3r∇r

(
χ∗K′+k(T − εi)χK+k

)
(100)

The last term is because ∇ comutes with ∇2, i.e,∫
∇χ∗(−∇2χ) + χ∗(−∇2)∇χ =

∫
∇(χ∗(−∇2)χ) (101)

We thus have ∫
MT

d3r
(
∇rχ

∗
K′+k(H − εi)χK+k + χ∗K′+k(H − εi)∇rχK+k

)
= (102)∫

MT

d3rVKS∇r

(
χ∗K′+kχK+k

)
+

∮
r=R−MT

d~Sχ∗K′+k(T − εi)χK+k (103)
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Inserting this simplifiaction into Eq. 97, we get

Eq. 97 =

∫
MT

d3VKS(r)∇rρ
val(r) +

∑
i

fi
∑
KK′

A∗i,K′Ai,K

∮
r=R−MT

d~Sχ∗K′+k(T − εi)χK+k (104)

Next we simplify Eq. 98. The second and the third term cancel, as we compute density by
ρ(r) =

∑
i fi
∑

KK′ A
∗
i,K′χ

∗
K′(r)Ai,KχK(r), hence for any function X(r) we have Tr(X(r)ρ(r)) =∑

i fi
∑

KK′ A
∗
i,K′Ai,K

∫
d3rχ∗K′(r)X(r)χK(r). We are hence left with the first term in Eq. 98 only. When we integrate

a function whith discontinuity at the MT-boundary, we need to take into account an extra term due to the jump.
One can derive the following identity (see section IV C)

〈χµ|δT |χν〉 = δRα

∮
RMT

d~S
[
(χ∗µTχν)MT − (χ∗µTχν)I

]
(105)

This term is just because χµ(r)Tχν(r) is not continuous across the boundary, and hence the difference at the boundary
adds an extra term to the ingeral. We thus conclude

Eq. 98 = −
∑
i

fi
∑
K,K′

A∗i,K′Ai,K

∮
RMT

d~S
[
(χ∗K′+k(r)TχK+k(r))MT − (χK′+k(r)TχK+k(r))I

]
(106)

since χk+K(r) are continuous across MT-boundary, we can also write

Eq. 98 = −
∑
i

fi
∑
K,K′

A∗i,K′Ai,K

[∮
r=R−MT

d~Sχ∗K′+k(r)(T − εi)χK+k(r)−
∮
r=R+

MT

d~Sχ∗K′+k(r)(T − εi)χK+k(r)

]
(107)

Finally, we notice that the second term in 104 and the MT-part of Eq. 107 cancel, hence we obtain

Eq. 97 + Eq. 98 =

∫
MT

d3VKS(r)∇rρ
val(r) +

∑
i

fi
∑
K,K′

A∗i,K′Ai,K

∮
r=R+

MT

d~Sχ∗K′+k(r)(T − εi)χK+k(r) (108)

Notice that the functions χK+k, which appear in the integral, are evaluated in the interstitial, hence the symbol
r = R+

MT .
The final result for Pulley forces, which is the sum of Eqs. 96, 97 and 98 is

FPulleyα = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ |H − εi|χK〉MT Ai,K + (109)

+
∑
i

fi
∑
K,K′

A∗i,K′Ai,K

∮
r=R+

MT

d~Sχ∗K′+k(r)(T − εi)χK+k(r) + (110)

+

∫
MT

d3VKS(r)∇rρ
val(r) (111)

In the MT part, the kinetic part T does not have the form (∇ · ∇) proposed in Sec. I 1 (but −∇2), hence we need
to write

Eq. 109 = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ | − ∇2 + VKS − εi|χK〉MT Ai,K − (112)

−i
∑
i

fi
∑
K,K′

A∗i,K′Ai,K(K−K′)

∮
r=R−MT

d~Sχ∗K′+k(r)∇rχK+k(r) (113)

Moreover, the MT part is usually broaken into two parts, the spherically symmetric potential V symKS (r) and the

non-symmetryc part V n−symKS (r), i.e.,

VKS(r) = V symKS (r) + V n−symKS (r)

hence we can write

Eq. 109 = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ | − ∇2 + V symKS (r)− εi|χK〉MT Ai,K − (114)

−i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ |V n−symKS (r)|χK〉MT Ai,K − (115)

−i
∑
i

fi
∑
K,K′

A∗i,K′Ai,K(K−K′)

∮
r=R−MT

d~Sχ∗K′+k(r)∇rχK+k(r) (116)
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In the interstitails, T has the form (∇ · ∇) proposed in Sec. I 1, hence Eq. 110 takes the form

Eq. 110 =
∑
i

fi
∑
K,K′

A∗i,K′Ai,K[(K + k)(K′ + k)− εi]
∮
r=R+

MT

d~Sχ∗K′+k(r)χK+k(r) = (117)

=
∑
i

fi
∑
K,K′

A∗i,K′Ai,K[(K + k)(K′ + k)− εi]R2
MT

∫
dΩ

ei(K−K
′)r

Vcell
~er = (118)

=
∑
i

fi
∑
K,G

A∗i,K−GAi,K[(K + k)(K−G + k)− εi]R2
MT

∫
dΩ

eiGr

Vcell
~er (119)

where we used K′ = K−G.
Using the above derived identities Eqs.114,115,116,119, we transform FPulley to

FPulleyα = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ | − ∇2 + V symKS (r)− εi|χK〉MT Ai,K − (120)

−i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ |V n−symKS (r)|χK〉MT Ai,K − (121)

−i
∑
i

fi
∑
K,K′

A∗i,K′Ai,K(K−K′)

∮
r=R−MT

d~Sχ∗K′+k(r)∇rχK+k(r) (122)

+
∑
i

fi
∑
K,G

A∗i,K−GAi,K[(K + k)(K−G + k)− εi]R2
MT

∫
dΩ

eiGr

Vcell
~er (123)

+

∫
MT

d3VKS(r)∇rρ
val(r) (124)

2. Implementation of term 120

The first contribution to FPulley we are considering is Eq. 120

F(1)Pulleyα = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ | − ∇2 + V symKS (r)− εi|χK〉MT Ai,K (125)

We first repeat Eq. 67, which gives spherically symetric part of Hamiltonian in the MT-part:

〈χK′ | − ∇2 + V symKS (r)− ε|χK〉 = aK
′∗

lm aKlm(Eν − ε) + bK
′∗

lm bKlm(Eν − ε) 〈u̇l|u̇l〉+
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm] +

+ cK
′∗

lm cKlm(Eµ − ε) +
1

2
[aK

′∗
lm cKlm + cK

′∗
lm aKlm](Eµ + Eν − 2ε) 〈u|uLO〉+

+
1

2
[cK

′∗
lm bKlm + bK

′∗
lm cKlm][〈uLO|ul〉+ (Eµ + Eν − 2ε) 〈uLO|u̇l〉] (126)

Clearly, we can split the sum over K and K′ into two indepedent sums which take O(N) time.[We want to avoid
O(N2) scaling, since there are very many number of plane waves K].

We first define (compute) the following quantities

ai,lm =
∑
K

AiK aKlm (127)

~Ai,lm =
∑
K

K AiK aKlm (128)

which take O(N) time to compute. Here Ai,K are eigenvectors corresponding to the Kohn-Sham energy εi. We

assume corresponding expression for bi,lm, ci,lm, ~Bi,lm, ~Ci,lm.
The quadratic terms of the form a∗lmalm become∑

KK′

(K−K′)A∗iK′a
K′∗
lm aKlmAiK = a∗i,lm ~Ai,lm − ~A∗i,lmai,lm = 2i Im{a∗i,lm ~Ai,lm} (129)
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while those of the form a∗lmblm + b∗lmalm become∑
KK′

(K−K′)A∗iK′
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm]AiK =

1

2
[a∗i,lm ~Bi,lm − ~A∗i,lmbi,lm + b∗i,lm ~Ai,lm − ~B∗i,lmai,lm] =

= i Im{a∗i,lm ~Bi,lm + b∗i,lm ~Ai,lm} (130)

The entire term can be expressed in this way. We start from Eq. 126 and derive∑
KK′

(K−K′)A∗iK′ 〈χK′ | − ∇2 + V sphKS (r)− εi|χK〉MT AiK =

iIm
{

2a∗i,lm ~Ai,lm (Eν − εi) + 2b∗i,lm ~Bi,lm (Eν − εi) 〈u̇l|u̇l〉+ a∗i,lm ~Bi,lm + b∗i,lm ~Ai,lm
}

+

+ iIm
{

2c∗i,lm ~Ci,lm (Eµ − εi) 〈uLO|uLO〉+ [a∗i,lm ~Ci,lm + c∗i,lm ~Ai,lm](Eµ + Eν − 2εi) 〈u|uLO〉
}

+

+ iIm
{

[c∗i,lm ~Bi,lm + b∗i,lm ~Ci,lm][〈uLO|ul〉+ (Eµ + Eν − 2εi) 〈uLO|u̇l〉]
}

(131)

which finally gives

F(1)Pulleyα = −i
∑
i

fi
∑
KK′

(K−K′)A∗iK′ 〈χK′ | − ∇2 + V symKS − εi|χK〉MT AiK = (132)

∑
i

fi Im
{[

2a∗i,lm (Eν − εi) + b∗i,lm + c∗i,lm(Eµ + Eν − 2εi) 〈u|uLO〉
]
~Ai,lm

}
+

+
∑
i

fi Im
{[
a∗i,lm + 2b∗i,lm (Eν − εi) 〈u̇l|u̇l〉+ c∗i,lm[〈uLO|ul〉+ (Eµ + Eν − 2εi) 〈uLO|u̇l〉]

]
~Bi,lm

}
+

+
∑
i

fi Im
{[
b∗i,lm 〈uLO|ul〉+ [a∗i,lm 〈uLO|ul〉+ b∗i,lm 〈uLO|u̇l〉](Eµ + Eν − 2εi) + 2c∗i,lm (Eµ − εi) 〈uLO|uLO〉

]
~Ci,lm

}
This is implemented in function fomai1. Note that ~A, ~B and ~C are called aalm,bblm, and cclm. Also note that
〈u̇|u̇〉 = pei, 〈uLO|u〉 = pi12lo, 〈uLO|u̇〉 = pe12lo, 〈uLO|uLO〉 = pr12lo.

This force is called fsph and is coded in Force1.

3. Implementation of term 121

The second term we are considering is Eq. 121

F(2)Pulleyα = −i
∑
i

fi
∑
K,K′

A∗i,K′(K−K′) 〈χK′ |V n−symKS (r)|χK〉MT Ai,K− (133)

In file case.nsh, we read non-spherical symmetric potential, which is given in the following form

V non−sphκ1l1m1κ2l2m2
=

∫
d3rY ∗l1m1

(r̂)uκ1V n−sym(r)uκ2Yl2m2
(r̂) (134)

The data in case.nsh contains the following matrix elements

〈u|V |u〉 → tuu (135)

〈u|V |u̇〉 → tud (136)

〈u̇|V |u〉 → tdu (137)

〈u̇|V |u̇〉 → tdd (138)

· · · (139)

To evaluate the term, we substutute the definition for χK to obtain∑
K,K′

(K−K′)A∗iK′ 〈χK′ |V n−sym|χK〉MT AiK = (140)

∑
K,K′

(K−K′)A∗iK′ 〈Yl1m1

∑
κ1

aκ1,K
′

l1m1
uκ1

l1
|V n−sym|Yl2m2

∑
κ2

aκ2,K
l2m2

uκ2

l2
〉AiK (141)
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which simplifies to ∑
K,K′

(K−K′)A∗iK′ 〈χK′ |V n−sym|χK〉MT AiK = (142)

∑
κ1l1m1,κ2l2m2

a∗κ1,i
l1m1

~Aκ2,i
l2m2

Vκ1l1m1,κ2l2m2
− ~A∗κ1,i

l1m1
aκ2,i
l2m2

Vκ1l1m1,κ2l2m2
= (143)

2iIm

 ∑
κ1l1m1,κ2l2m2

a∗κ1,i
l1m1

~Aκ2,i
l2m2

Vκ1l1m1,κ2l2m2

 (144)

hence, we have

F(2)Pulleyα =
∑
i

fi
∑

κ1l1m1,κ2l2m2

2Im
{
a∗κ1,i
l1m1

Vκ1l1m1,κ2l2m2
~Aκ2,i
l2m2

}
(145)

This is implemented in fomai1 and has name fnsp. Note that ~A, ~B, ~C are called aalm,bblm,cclm and matrix elements
of V are called tuu,tud,tdu,....

Implementation builds the following quantity

afac(κ2, l1m1, l2m2) =
∑
κ1

a∗κ1,i
l1m1

Vκ1l1m1,κ2l2m2
(146)

and evaluates

F(2)Pulleyα =
∑
i

fi
∑

l1m1,l2m2,κ2

2Im[afac(κ2, l1m1, l2m2) ~Aκ2,i
l2m2

] (147)

It is implemented in Force2.

4. Implementation of term 122

Next we consider Eq. 122, which is

F(3)Pulleyα = −i
∑
i

fi
∑
K,K′

A∗i,K′Ai,K(K−K′)

∮
r=R−MT

d~Sχ∗K′+k(r)∇rχK+k(r) (148)

We know that the therm should be real, therefore we will symmetrize it to make it real

F(3)Pulleyα = − i
2

∑
i

fi
∑
K,K′

A∗i,K′Ai,K(K−K′)

∮
r=R−MT

d~S[χ∗K′+k(r)∇rχK+k(r) + χK+k(r)∇χ∗K′+k(r)] (149)

which is equal to

F(3)Pulleyα = − i
2

∑
k,i

fi
∑
K,K′

A∗iK′AiK (K−K′)R2
MT

∮
r=RMT−

dΩ [χ∗K′+k(r)
∂

∂r
χK+k + χK+k(r)

∂

∂r
χ∗K′+k(r)] (150)

and inserting expression for χ we get

F(3)Pulleyα = − i
2

∑
k,i

fi
∑
K,K′

A∗iK′AiK (K−K′)R2
MT

∑
l,m,κ′,κ

aκ
′ ∗
lm,K′u

κ′

l a
κ
lm,Ku

′κ
l + aκ

′

lm,Ku
κ′

l a
κ ∗
lm,K′u

′κ
l (151)

and summing over K and K′ gives

F(3)Pulleyα = − i
2

∑
k,i

fiR
2
MT

∑
l,m,κ′,κ

[aκ
′ ∗
i,lmu

κ′

l
~Aκi,lmu′

κ
l + ~Aκ

′

i,lmu
κ′

l a
κ ∗
i,lmu

′κ
l − ~Aκ

′ ∗
i,lmu

κ′

l a
κ
i,lmu

′κ
l − aκ

′

i,lmu
κ′

l
~Aκ ∗i,lmu′

κ
l ](152)
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which can be simplified to

F(3)Pulleyα = R2
MT

∑
k,i

fi
∑

l,m,κ′,κ

Im[aκ
′ ∗
i,lmu

κ′

l
~Aκi,lmu′

κ
l − ~Aκ

′ ∗
i,lmu

κ′

l a
κ
i,lmu

′κ
l ] (153)

We can then define the following quantities

kinfac(1, ilm) =
∑
κ

aκi,lmu
κ
l (RMT ) (154)

kinfac(2, ilm) =
∑
κ

aκi,lmu
′κ
l (RMT ) (155)

kinfac(3, ilm) =
∑
κ

~Aκi,lmu′
κ
l (RMT ) (156)

kinfac(4, ilm) =
∑
κ

~Aκi,lmuκl (RMT ) (157)

and write

F(3)Pulleyα = R2
MT

∑
k,i

fi
∑
l,m

Im[kinfac∗(1, ilm)kinfac(3, ilm)− kinfac∗(4, ilm)kinfac(2, ilm)] (158)

This part of the force is named fsph2 and is coded in fomai1 within Wien2k, and in Force3 in my code.

5. Implementation of term 123

Finally we discuss implementation of Eq. 123:

F(4)Pulleyα =
∑
i

fi
∑
K,G

A∗i,K−GAi,K[(K + k)(K−G + k)− εi]R2
MT

∫
dΩ

eiGr

Vcell
~er (159)

The convolution in K needs quadratic amount of time (O(N2)). By using FFT and turning it into product in real
space, it takes only N log(N) time, hence we will use FFT for the following quantities

~Xi(r) =
∑
K

Ai,K(K + k)eiKr (160)

Yi(r) =
∑
K

Ai,Ke
iKr (161)

The inverse FFT should then be used to obtain aternative representation for convolution

F(4)Pulleyα =
∑
i

fi

∫
d3re−iKr[ ~X∗i (r) ~Xi(r)− εiY ∗i (r)Yi(r)]R2

MT

∫
dΩ

eiGr

Vcell
~er (162)

Finally, one can check that ∫
dΩeiGr~er = 4π

G

|G|
j1(|G|RMT )ieiGrα (163)

This code appears in Force_surface.

6. Implementation of term 124

The last part in the Eq. 124 is

F(5)Pulleyα =

∫
MT

d3rVKS(r)∇ρ(r) =
∑
lml′m′

∫
d3rVl′m′(r)Y

∗
l′m′(r̂)∇(ρlm(r)Ylm(r̂)) (164)
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The operator ∇ is spheric harmonics is

∇f = ~er
∂

∂r
+

sin θ

r

 − cos θ cosφ

− cos θ sinφ

sin θ

 ∂

∂(cos θ)
+

1

r sin θ

 − sinφ

cosφ

0

 ∂

∂φ
= ~er

∂

∂r
+

1

r
∇θφ (165)

The last form emphasizes that ∇ has the radial part and a angle part. Using this decomposition, we can write

F(5)Pulleyα =

∫
d3rVKS(r)∇ρ(r) =

∑
lml′m′

∫ ∞
0

drr2Vl′m′(r)
dρlm(r)

dr

∫
dΩY ∗l′m′(r̂)~erYlm(r̂) (166)

+
∑
lml′m′

∫ ∞
0

drr2
Vl′m′(r)ρlm(r)

r

∫
dΩY ∗l′m′(r̂)∇θφYlm(r̂) (167)

In the following, we will need these integrals:

I1l′m′lm ≡
∫
dΩY ∗l′m′(r̂)~erYlm(r̂) (168)

I2l′m′lm ≡
∫
dΩY ∗l′m′(r̂)(r∇Ylm(r̂)) (169)

I3l′m′lm ≡
∫
dΩ(r∇Y ∗l′m′(r̂)) · (r∇Ylm(r̂))~er (170)

(171)

We first compute the following integral

I1l′m′lm ≡
∫
dΩY ∗l′m′(r̂)~erYlm(r̂) = (172)

(−1)m+m′

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m′)!

4π(l +m)!4π(l′ +m′)!

∫ 1

−1
dxPm

′

l′ (x)Pml (x)


√

1− x2
∫ 2π

0
dφ ei(m−m

′)φ cosφ√
1− x2

∫ 2π

0
dφ ei(m−m

′)φ sinφ

x
∫ 2π

0
dφ ei(m−m

′)φ

(173)

I1l′m′lm = (−1)m+m′π

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m′)!

4π(l +m)!4π(l′ +m′)!

∫ 1

−1
dxPm

′

l′ (x)Pml (x)


√

1− x2δm′=m±1
∓i
√

1− x2δm′=m±1
2xδmm′

 (174)

which is equal to

I1l′m′lm = πδm′=m±1

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m∓ 1)!

4π(l +m)!4π(l′ +m± 1)!

∫ 1

−1
dxPm±1l′ (x)Pml (x)

√
1− x2

 −1

±i
0


+2πδmm′

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m)!

4π(l +m)!4π(l′ +m)!

∫ 1

−1
dxPml′ (x)Pml (x)x

 0

0

1

 (175)

With the help of the following well known recursion relation√
1− x2Pml =

1

2l + 1

[
Pm+1
l−1 − P

m+1
l+1

]
(176)√

1− x2Pml =
1

2l + 1

[
(l −m+ 1)(l −m+ 2)Pm−1l+1 − (l +m− 1)(l +m)Pm−1l−1

]
(177)

xPml =
1

2l + 1

[
(l −m+ 1)Pml+1 + (l +m)Pml−1

]
(178)
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we arrive at

I1l′m′lm =

 −1

i

0

 1

2

[
δl′=l−1

√
(l −m)(l −m− 1)

(2l + 1)(2l − 1)
− δl′=l+1

√
(l +m+ 1)(l +m+ 2)

(2l + 1)(2l + 3)

]
δm′=m+1 + (179)

+

 −1

−i
0

 1

2

[
δl′=l+1

√
(l −m+ 1)(l −m+ 2)

(2l + 1)(2l + 3)
− δl′=l−1

√
(l +m)(l +m− 1)

(2l + 1)(2l − 1)

]
δm′=m−1 + (180)

+

 0

0

1

[δl′=l+1

√
(l −m+ 1)(l +m+ 1)

(2l + 1)(2l + 3)
+ δl′=l−1

√
(l +m)(l −m)

(2l − 1)(2l + 1)

]
δm′=m (181)

Let’s define

a(l,m) =

√
(l +m+ 1)(l +m+ 2)

(2l + 1)(2l + 3)
(182)

f(l,m) =

√
(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)
(183)

(184)

and rewrite

I1l′m′lm =

 1

−i
0

 1

2
[a(l,m)δl′=l+1 − a(l′,−m′)δl′=l−1] δm′=m+1 + (185)

+

 −1

−i
0

 1

2
[a(l,−m)δl′=l+1 − a(l′,m′)δl′=l−1] δm′=m−1 + (186)

+

 0

0

1

 [f(l,m)δl′=l+1 + f(l′,m′)δl′=l−1] δm′=m (187)

Next we compute the following integral

I2l′m′lm ≡
∫
dΩY ∗l′m′(r̂)∇θφYlm(r̂) =

∫
dΩY ∗l′m′(r̂)(r∇)Ylm(r̂) (188)

From W2k paper, it follows that

r
d

dx
Ylm =

1

2
[l a(l,m)δl′=l+1 + (l + 1) a(l − 1,−m− 1)δl′=l−1] δm′=m+1Yl′m′ − (189)

−1

2
[l a(l,−m)δl′=l+1 + (l + 1) a(l − 1,m− 1)δl′=l−1] δm′=m−1Yl′m′ (190)

r
d

dy
Ylm =

1

2i
[l a(l,m)δl′=l+1 + (l + 1) a(l − 1,−m− 1)δl′=l−1] δm′=m+1Yl′m′ + (191)

+
1

2i
[l a(l,−m)δl′=l+1 + (l + 1) a(l − 1,m− 1)δl′=l−1] δm′=m−1Yl′m′ (192)

r
d

dz
Ylm = [−l f(l,m)δl′=l+1 + (l + 1)f(l − 1,m)δl′=l−1] δm′=mYl′m′ (193)
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It is easy to prove the last term

r
d

dz
Ylm = (−1)m

√
(2l + 1)(l −m)!

4π(l +m)!
eimφ(1− x2)

d

dx
Pml (x) = (194)

= (−1)m

√
(2l + 1)(l −m)!

4π(l +m)!
eimφ

1

2l + 1

[
(l + 1)(l +m)Pml−1(x)− l(l −m+ 1)Pml+1

]
= (195)

= (l + 1)

√
(l −m)(l +m)

(2l + 1)(2l − 1)
Yl−1,m − l

√
(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)
Yl+1,m (196)

The x,y components are a bit more challenging. Due to Wigner-Eckart theorem, we know the dependence on m,m′.
The dependence on l, l′ can be either found numerically, or analytically using several recursion relations.

The result for I2 is

I2l′m′lm =

 1

−i
0

 1

2
[−l a(l,m)δl′=l+1 − (l + 1) a(l′,−m′)δl′=l−1] δm′=m+1 + (197)

+

 −1

−i
0

 1

2
[−l a(l,−m)δl′=l+1 − (l + 1) a(l′,m′)δl′=l−1] δm′=m−1 + (198)

+

 0

0

1

 [−l f(l,m)δl′=l+1 + (l + 1)f(l′,m′)δl′=l−1] δm′=m (199)

We can write both integrals in a common form, namely,

Inl′m′lm = cn,l

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1 (200)

−dn,l

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (201)

where

c1,l = 1
2 d1,l =

1

2
(202)

c2,l = − l
2 d2,l =

l + 1

2
(203)

c3,l = l(l+2)
2 d3,l =

(l − 1)(l + 1)

2
(204)

We also defined here I3, which gives kinetic energy operatore integrated over the sphere of the MT-sphere.
In the code, we use real spheric harmonics ylm±, which are related to complex spheric harmonics by

Ylm = (−1)m
√

1 + δm,0
2

(ylm+ + iylm−) (205)

Yl,−m =

√
1 + δm,0

2
(ylm+ − iylm−) (206)

In Section. IV E we derive the connection between the matrix elements of the real harmonics and complex harmonics,
and we also derive the matrix elements 〈yl′m′s′ |T |ylms〉. Here we just give the final result:
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〈yl′m′±|T |ylm±〉 = cn,l δl′=l+1


−a(l,m)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l,−m)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

2f(l,m)δm′=m
(1±δm=0)
1+δm=0



−dn,l δl′=l−1


−a(l′,−m′)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l′,m′)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

−2f(l′,m′)δm′=m
(1±δm=0)
1+δm=0


 (207)

and

〈yl′m′±|T |ylm∓〉 = ±

 0

1

0

{cn,l δl′=l+1

(
a(l,m)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l,−m)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)

−dn,l δl′=l−1
(
a(l′,−m′)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l′,m′)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)}
(208)

This term has name fomai2 in Wien2k, and is coded in program Force4_mine. This part reads non-spherical
potential VKS(r) and calls another subprogram VdRho, which performns the integration.

C. LDA+U Force term

For LDA+U calculation, the LDA+U potential is added to the Kohn-Sham potential, which takes the form

V (r, r′) = V lm1m2
Ylm1(r̂)δ(r − r′)Y ∗lm2

(r̂) (209)

We are evaluating the following tem

FU = −i
∑
i,k

fi
∑
K,K′

(K−K′)A∗iK′ 〈χK′ |V |χK〉AiK = (210)

= −i
∑
i,k

fi
∑

K,K′, l

m1,m2, κ1, κ2

(K−K′)A∗iK′ 〈a
κ1,K

′ ∗
lm1

uκ1

l Y
∗
lm1
|V |Ylm2u

κ2

l a
κ2,K
lm 〉AiK

which is

FU = −i
∑
i,k

fi
∑

l,m1,m2,κ1κ2

V lm1m2
〈uκ1

l |u
κ2

l 〉
∑
K,K′

(K−K′)A∗iK′AiKa
κ1,K

′ ∗
lm1

aκ2,K
lm = (211)

=
∑
i

fi
∑

l,m1,m2,κ1κ2

2Im
(
aκ1 ∗
ilm1

~Aκ2

ilm2
V lm1m2

〈uκ1

l |u
κ2

l 〉
)

(212)

III. LDA+DMFT FORCES

The Luttinger-Ward functional is

Γ[G] = Tr log(G)− Tr((G−10 −G−1)G) + Φ[G] + Enucleous + µN (213)

where LDA+DFMT Φ functional is

Φ[G] = EH [ρ] + Exc[ρ] + ΦDMFT [Gloc]− ΦDC [ρloc] (214)

The stationarity gives

G−1 −G−10 + (VH + Vxc)δ(r− r′)δ(τ − τ ′) + |φ〉Σ 〈φ| − |φ〉VDC 〈φ| = 0 (215)
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Hence we have

G−10 −G−1 = (VH + Vxc)δ(r− r′) + |φ〉 (Σ− VDC) 〈φ| (216)

G−1 = iω + µ+∇2 − (Vnucl + VH + Vxc)δ(r− r′)− |φ〉 (Σ− VDC) 〈φ| (217)

We also solve the following KS-problem

(−∇2 + Vnucl + VH + Vxc) |ψik〉 = εLDAik |ψik〉 (218)

so thet we can write

G−1 = iω + µ− |ψik〉 εLDAik 〈ψik| − |φ〉 (Σ− VDC) 〈φ| (219)

In the extremum, Γ delivers free energy. Inserting G−10 −G−1, and G−1 into the unctional Γ, we get

F = −Tr log
(
iω + µ− |ψik〉 εLDAik 〈ψik| − |φ〉 (Σ− Vdc) 〈φ|

)
− Tr((VH + Vxc)ρ)

−Tr(|φ〉 (Σ− VDC) 〈φ|G) + EH [ρ] + Exc[ρ] + ΦDMFT [Glocal]− ΦDC [ρlocal] + Enucleous + µN (220)

A. LDA+U

First we consider static approximation for ΦDMFT → ΦU and we than call δΦU/δG ≡ VU , which is static.
We then incorporate VU potential into KS-eigenvalue problem, i.e.,

εLDAik δij + 〈ψik|φm〉 (VU − VDC)mm′ 〈φm′ |ψkj〉 ≡ HLDA+U
ij (221)

and solve

HLDA+U
ij Bjp = εpkBip (222)

hence

HLDA+U
ij = (BεkB

†)ij (223)

so that

〈ψik|
(
iω + µ− |ψik〉 εLDAik 〈ψik| − |φ〉 (Σ− Vdc) 〈φ|

)
|ψjk〉 = [B(iω + µ− εk)B†]ij (224)

We then have

F = −Tr log (iω + µ− εik)− Tr((VH + Vxc)ρ)− Tr(|φm〉 (VU − VDC)mm′ 〈φm′ |G)

+EH [ρ] + Exc[ρ] + φU [nlocal]− φDC [nlocal] + Enucleous (225)

Small change of nucleous position δRα will give small change in F in the following way

δF = Tr(Gδεk)− Tr((δVH + δVxc)ρ)− δTr(|φm〉 (VU − VDC)mm′ 〈φm′ |G) + Tr((VU − VDC)δn) + δEnucleous (226)

We can arrange the trace in the third term in the following way

−δTr((VU − VDC)mm′ 〈φm′ |G|φm〉) = −δTr((VU − VDC)mm′nm′m) = −δTr((VU − VDC)n) (227)

= −Tr((δVU − δVDC)n)− Tr((VU − VDC)δn) (228)

hence we obtain

δF = Tr(fkδεk)− Tr((δVH + δVxc + δVnuc)ρ)− Tr((δVU − δVDC)n)−
∑
α

FHFα δRα (229)

This equation is analogous to Eq. 80 in LDA method. We did not yet write definition for VKS as there are two options,
one could include VU or not. We will exclude VU and choose V LDAKS = Vnuc + VH + Vxc.

When we vary δεk, we have VU potential included, hence using Eq. 85 we get

δεk,i =
∑
K,K′

A∗i,K′
(
〈δχK′ |H − εi|χK〉+ 〈χK′ |H − εi|δχK〉+ 〈χK′ |δT + δV LDAKS + δ(|φm〉 (VU − VDC)mm′ 〈φm′ |)χK〉

)
Ai,K(230)
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Inserting the last equation into δF , we get

δF =
∑
i

fik
∑
K,K′

A∗i,K′ (〈δχK′ |H − εi|χK〉+ 〈χK′ |H − εi|δχK〉)Ai,K + (231)

+
∑
i

fik 〈ψik|δT + δV LDAKS + δ(|φm〉 (VU − VDC)mm′ 〈φm′ |)ψik〉

−Tr((δVH + δVxc + δVnuc)ρ)− Tr((δVU − δVDC)n)−
∑
α

FHFα δRα

Note that the term Tr(δV LDAKS ρ) cancels, and we obtain

δF =
∑
i

fik
∑
K,K′

A∗i,K′ (〈δχK′ |H − εi|χK〉+ 〈χK′ |H − εi|δχK〉)Ai,K (232)

+
∑
i

fik 〈ψik|δ(|φm〉 (VU − VDC)mm′ 〈φm′ |)|ψik〉 − Tr((δVU − δVDC)n) (233)

+
∑
i

fik 〈ψik|δT |ψik〉 −
∑
α

FHFα δRα (234)

Note that the first two terms (Eq. 232) still include VU term. It could be split into the following two terms

Eq. 232 =
∑
i

fik
∑
K,K′

A∗i,K′
(
〈δχK′ | − ∇2 + V LDAKS − εi|χK〉+ 〈χK′ | − ∇2 + V LDAKS − εi|δχK〉

)
Ai,K + (235)

+
∑
i

fik
∑
K,K′

A∗i,K′ (〈δχK′ |φm〉 (VU − VDC)mm′ 〈φm′ |χK〉+ 〈χK′ |φm〉 (VU − VDC)mm′ 〈φm′ | δχK〉)Ai,K (236)

Now we combinte 233 and 236, to obtain

Eq. 233 + Eq. 236 =
∑
i

fik
∑
K,K′

A∗i,K′δ (〈χK′ |φm〉 (VU − VDC)mm′ 〈φm′ |χK〉)Ai,K − Tr(n(δVU − δVDC)) (237)

which can also be written as

Eq. 233 + Eq. 236 =
∑
i

fik
∑
K,K′

A∗i,K′Ai,K(VU − VDC)mm′δ (〈χK′ |φm〉 〈φm′ |χK〉) (238)

Finally, we have

δF =
∑
i

fik
∑
K,K′

A∗i,K′
(
〈δχK′ | − ∇2 + V LDAKS − εi|χK〉+ 〈χK′ | − ∇2 + V LDAKS − εi|δχK〉

)
Ai,K + (239)

+
∑
i

fik 〈ψik|δT |ψik〉 −
∑
α

FHFα δRα (240)

+
∑
i

fik
∑
K,K′

A∗i,K′Ai,K(VU − VDC)mm′δ (〈χK′ |φm〉 〈φm′ |χK〉) (241)

which gives

FPulleyα = −
∑
i

fik
∑
K,K′

A∗i,K′

(
〈δχK′

δRα
| − ∇2 + V LDAKS − εi|χK〉+ 〈χK′ | − ∇2 + V LDAKS − εi|

δχK

δRα
〉
)
Ai,K (242)

−
∑
i

fik 〈ψik|
δT

δRα
|ψik〉 (243)

−
∑
i

fik
∑
K,K′

A∗i,K′Ai,K(VU − VDC)m′m
δ

δRα
(〈χK′ |φm′〉 〈φm|χK〉) (244)

Eqs. 242 and 243 look just like the DFT part above. The extra forces due to the U terms are thus given by 244.
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We thus need the following derivative of the projector

δ

δRα
〈χK′ |φm′〉 〈φm|χK〉 = 〈i(k + K′)χK′ −∇χK′ |φm′〉 〈φm|χK〉+ 〈χK′ | − ∇φm′〉 〈φm|χK〉 (245)

+ 〈χK′ |φm′〉 〈−∇φm|χK〉+ 〈χK′ |φm′〉 〈φm|i(k + K)χK −∇χK〉 (246)

= i(K−K′) 〈χK′ |φm′〉 〈φm|χK〉 (247)

−(〈∇χK′ |φm′〉+ 〈χK′ |∇φm′〉) 〈φm|χK〉 − 〈χK′ |φm′〉 (〈∇φm|χK〉+ 〈φm|∇χK〉) (248)

We then recognize

〈∇φm|χK〉+ 〈φm|∇χK〉 =

∫
d3r∇(φ∗m(r)χK) =

∮
R−MT

dS φ∗m(r)χK ≡� φm|χK � (249)

and use to rewrite the projector variation

δ

δRα
〈χK′ |φm′〉 〈φm|χK〉 = i(K−K′) 〈χK′ |φm′〉 〈φm|χK〉− � χK′ |φm′ � 〈φm|χK〉 − 〈χK′ |φm′〉 � φm|χK �(250)

Finally, we can write extra LDA+U Pulley forces as

FU+Pulley
α = −

∑
i

fik
∑
K,K′

i(K−K′)A∗i,K′ 〈χK′ |φm′〉 (VU − VDC)m′m 〈φm|χK〉Ai,K (251)

+
∑
i

fik
∑
K,K′

A∗i,K′ � χK′ |φm′ � (VU − VDC)m′m 〈φm|χK〉Ai,K (252)

+
∑
i

fik
∑
K,K′

A∗i,K′ 〈χK′ |φm′〉 (VU − VDC)m′m � φm|χK � Ai,K (253)

Note that Wien2k implements the first term (Eq. 251), but neglects the other two (Eq. 252,253). It would be nice to
check how much difference the last two terms make.

B. Proof that variation can be equivalently done in non-diagonal basis

In this section the LDA Hamiltonian will be H0, i.e.,

H0
K′K = 〈χK′ | − ∇2 + VKS |χK〉 (254)

which is diagonalized by the generalized eigenvalue problem Eq. 81

A0†
jK′H

0
K′KA

0
Ki −A

0†
jK′OK′KA

0
Kiε

0
i = 0 (255)

and the LDA+U Hamiltonian in KS basis:

HU
ij = ε0i δij + 〈ψ0

ik|φm′〉Vm′m 〈φm|ψ0
jk〉 ≡ (ε0k + V )ij (256)

where V = VU − VDC .
Note that the generalized eigenvalue problem (such as Eq. 255) has the following properties (for both pairs H,A or

H0,A0):

HA = OAε (257)

A+H = εA†O (258)

A†OA = 1 (259)

A†HA = ε (260)

We can also diagonalize the LDA+U Hamiltnonian with a unitary transformation B:

B†(ε0k + V )B = εk. (261)
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Using transformation B, we can then also express LDA+U eigenvectors A in terms of LDA eigenvectors A0. We
have

〈χK′ | − ∇2 + VKS + |φm′〉Vm′m 〈φm| |χK〉AKi = OK′KAKiεki (262)

or

(H0
K′K + 〈χK′ |ψ0

ik〉 〈ψ0
ik|φm′〉Vm′m 〈φm|ψ0

jk〉 〈ψ0
jk|χK〉)AKi = OK′KAKiεi (263)

We notice |ψ0
ik〉 =

∑
KA0

Ki |χK〉 hence 〈χ0
K′ |ψ0

ik〉 = OK′KA
0
Ki and therefore

(H0 +OA0V A0†O)A = OAεk (264)

We also defined above that

〈ψ0
ik| − ∇2 + VKS + |φm′〉Vm′m 〈φm| |ψ0

jk〉 = (ε0k + V )ij = (BεkB
†)ij (265)

which can be cast into the form

A0†
iK′ 〈χK′ | − ∇2 + VKS + |φm′〉Vm′m 〈φm| |χK〉A0

Kj = BεkB
† (266)

or

A0†HA0 = BεkB
† (267)

We multiply Eq. 267 with OA0 from the left and B from the right to obtain

H(A0B) = O(A0B)εk (268)

Comparing Eq. 268 with Eq. 264 we recognize A = A0B and H = H0 +OA0V A0†O, hence

|ψik〉 =
∑
K

|χK〉 (A0B)Ki (269)

when

|ψ0
ik〉 =

∑
K

|χK〉A0
Ki (270)

Alternatively, we can derive the above identities from the fact that

B†(ε0 + V )B = ε (271)

A0†H0A0 = ε0 (272)

which immediately gives

B†(A0†H0A0 + V )B = ε (273)

B†A0†(H0 +A0†−1V A0−1)A0B = ε (274)

(A0B)†(H0 +OA0V A0†O)A0B = ε (275)

(H0 +OA0V A0†O)A0B = O(A0B)ε (276)

Now we check a small variation of the ε0 by varying the secular equation

H0A0 = OA0ε0

Note that this equation is always satisifed, hence variation vanishes

(δH0)A0 +H0(δA0)− (δO)A0ε0 −O(δA0)ε0 −OA0δε0 = 0 (277)

A0†(δH0)A0 +A0†H0(δA0)−A0†(δO)A0ε0 −A0†O(δA0)ε0 −A0†OA0δε0 = 0 (278)

We note that A0†OA0 = 1 and A0†H0 = ε0A0†O hence

δε0 = A0†(δH0)A0 −A0†(δO)A0ε0 + ε0A0†O(δA0)−A0†O(δA0)ε0 (279)
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Note that although ε0 is diagonal, its variation is not. However, if only the diagonal components are needed, i.e.,
(δε0)ii then the last two terms cancel, and we get

(δε0)ii = (A0†(δH0)A0 −A0†(δO)A0ε0)ii (280)

This equation is identical to Eq. 82, however, now we also have generalized variation of δε0ij in matrix form.
We are now ready to take the variation of LDA+U functional Eq. 220

F = −Tr log
(
(iω + µ− ε0k)1− 〈ψ0

ik|φm′〉 (VU − VDC)m′m 〈φm|ψ0
jk〉
)
− Tr((VH + Vxc)ρ)

−Tr(|φ〉 (VU − VDC) 〈φ| ρ) + EH [ρ] + Exc[ρ] + φU [n]− φDC [n] + Enucleous (281)

We get

δF = Tr
(
Gδ(ε0k + (〈ψ0

ik|φm′〉 (VU − VDC)m′m 〈φm|ψ0
jk〉))

)
− Tr((δVH + δVxc + δVnucl)ρ)

−δTr((δVU − δVDC) 〈φ|ρ|φ〉)−
∑
α

FHFα δRα (282)

First we are going to concentrate on the first term, which comes from derivative of logarithm

δF 0 = Tr(GδH).

In matrix form, we have

δF 0 = Tr(ρδ(ε0 + V )) (283)

We also know that ε0 + V = BεB† and hence ρ = BρdB†, where ρd is density matrix in diagonal basis. The latter is
important for some permutations of terms we want to do. We get

δF 0 = Tr(BρdB†δ(ε0 + V )) (284)

We are first going to repeat the derivation from the previous section, which transforms H into diagonal form:

δF 0 = Tr(BρdB†δ(BεB†) (285)

which gives

δF 0 = Tr(ρdδε) + Tr(ρdB†δBε+BρdεδB†) (286)

Notice that both ρd and ε are diagional matrices, hence they comute, hence we can write the last two terms in the
form Tr(ρd(B†δB + δB†B)ε) = 0 because B†B = 1 is always unitary and its variation has to vanish. Hence we have

δF 0 = Tr(ρdδε) (287)

We could of course derive this equation directly from variation of Green’s function in diagonal form δF 0 = −δ ln(iω+
µ− ε), but we wanted to check that the two derivations give identical results.

We next use Eq. 280 to get

δF 0 = Tr(ρd(A†(δH)A−A†(δO)Aε)) (288)

notice that because ρd is diagonal and we have Tr, only the diagonal components of Eq. 279 are needed. We also
know from Eq. 264 that H = H0 +OA0V A0†O, hence

δF 0 = Tr(ρd(A†(δH0)A−A†(δO)Aε)) + Tr(ρdA†δ(OA0V A0†O)A) (289)

Next we notice that OA0V A0†O is 〈χK′ |φm′〉Vm′m 〈φm|χK〉 (see Eq. 263), and when combined with −Tr(nmm′δVm′m)
from Eq. 282, we get

δF 0 − Tr(nmm′δVm′m) = Tr(ρd(A†(δH0)A−A†(δO)Aε)) (290)

+ Tr(ρdiiA
†
iK′δ(〈χK′ |φm′〉Vm′m 〈φm|χK〉)AKi)− Tr(nmm′δVm′m) (291)

= Tr(ρd(A†(δH0)A−A†(δO)Aε)) + Tr(ρdiiA
†
iK′Vm′mAKiδ(〈χK′ |φm′〉 〈φm|χK〉)) (292)
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The last term is exactly the additional LDA+U force that we derived in previous chapter Eq. 244.
This was just equivalent derivation (using matrix notation) of the derivation from the previous chapter. But now

we want to see that variation in basis, which is not an eigenbasis of H0 + V , also leads to the same result. This is
important in DMFT since H0 + V basis is frequency dependent, while H0 basis is not, and we want to do most of
the calculation in frequency independent basis.

Notice that in DMFT transformation B is frequency dependent Bω, hence the expression in diagonal basis would
be

δF 0 − Tr(Gmm′δΣm′m) = Tr([BωG
d
ωB
†
ω](A0†(δH0)A0))− Tr([BωεωG

d
ωB
†
ω]A0†(δO)A0)

+ Tr([(BωG
d
ωB
†
ω)ijΣ

ω
m′m]A0†

jK′δ(〈χK′ |φm′〉 〈φm|χK〉)A0
Ki)

In particular, the last term would require

(wΣ)ijm′m =
1

β

∑
iω

(BωG
d
ωB
†
ω)ijΣ

ω
m′m (293)

We are hoping to find better expression in non-diagonal case.
The challenge now is to show that variation of δF 0 leads to Eq. 289 even when we do not transform to eigenbasis.

We return to Eq. 284, and write

δF 0 = Tr(BρdB†δ(ε0 + V )) = Tr(BρdB†
(
A0†(δH0)A0 −A0†(δO)A0ε0 + ε0A0†O(δA0)−A0†O(δA0)ε0

)
) + Tr(BρdB†δV ))

Notice that we had to use the non-diagonal form of δε0 (Eq. 279) and that diagonal form Eq. 280 would not be
sufficient here.

We next notice that A0B = A and B†A0† = A† hence

δF 0 = Tr(ρd
(
A†(δH0)A−A†(δO)AB†ε0B +B†ε0BA†O(δA0)B −A†O(δA0)BB†ε0B

)
) + Tr(BρdB†δV )) (294)

Next we replace B†ε0B = ε−B†V B therefore

δF 0 = Tr(ρd
(
A†(δH0)A−A†(δO)A(ε−B†V B) + (ε−B†V B)A†O(δA0)B −A†O(δA0)B(ε−B†V B)

)
) + Tr(BρdB†δV ))

and now we notice that both ε and ρd are diagonal matrices, hence the third and fourth terms have parts that cancel,
i.e., Tr(ρd(εA†O(δA0)B −A†O(δA0)Bε) = 0, hence

δF 0 = Tr(ρd
(
A†(δH0)A−A†(δO)Aε

)
) (295)

+ Tr(ρd
(
A†(δO)AB†V B − (B†V B)A†O(δA0)B +A†O(δA0)BB†V B

)
) + Tr(BρdB†δV )) (296)

Eq. 295 is already in the required form of Eq. 289. The second part Eq. 296 needs some further manipulation. We
write

Eq. 296 = Tr(AρdA†
(

(δO)AB†V BA−1 −A†−1B†V BA†O(δA0)BA−1 +O(δA0)V BA−1
)

) + Tr(BρdB†δV )) (297)

and we use A†OA = 1 and AB† = A0 and BA† = A0†

Eq. 296 = Tr(AρdA†
(
(δO)A0V A0†O −OA0V A0†O(δA0)A0†O +O(δA0)V A0†O

)
) + Tr(BρdB†δV ) (298)

Next we vary A†OA = 1 to obtain

A0†O(δA0) = −(δA0†)OA0 −A0†(δO)A0

hence

Eq. 296 = Tr(AρdA†
(
(δO)A0V A0†O +OA0V ((δA0†)O +A0†(δO))A0A0†O +O(δA0)V A0†O

)
) + Tr(BρdB†δV )(299)

we next use A0A0†O = 1 (which is a consequence of A0†OA0 = 1) to obtain

Eq. 296 = Tr(AρdA†
(
(δO)A0V A0†O +OA0V (δA0†)O +OA0V A0†(δO) +O(δA0)V A0†O

)
) + Tr(BρdB†δV ) (300)
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We also notice that Tr(BρdB†δV ) = Tr(A0BρdB†A0†OA0δV A0†O) = Tr(AρdA†OA0δV A0†O) which gives

Eq. 296 = Tr(AρdA†
(
(δO)A0V A0†O +OA0V (δA0†)O +OA0V A0†(δO) +O(δA0)V A0†O +OA0δV A0†O

)
)

= Tr(AρdA†δ
(
OA0V A0†O

)
) (301)

hence we conclude

δF 0 = Tr(ρd
(
A†(δH0)A−A†(δO)Aε

)
) + Tr(AρdA†δ

(
OA0V A0†O

)
) (302)

This is equal to Eq. 289, hence we proved that variation in the basis of diagonal H or diagonal H0 leads to the same
result.

C. LDA+DMFT

We first diagonalize the LDA+DMFT Green’s function. We write self-energy in static Kohn-Sham basis |ψ0
i 〉, in

which the LDA+DMFT eigenproblem is

ε0i δij + 〈ψ0
i |Σ(ω)− VDC |ψ0

j 〉 = (BRω εωB
L
ω )ij (303)

This defines the frequency dependent transformation Bω between the DMFT and DFT eigenbasis, which is not unitary
(because H0 + Σ is not Hermitian). The Green’s function in the diagonal basis is then simply given by

Gd(iω) =
1

iω + µ− εω
(304)

For convenience, we also define the following matrix

(Vω)ij ≡ 〈ψ0
i |Σ(ω)− VDC |ψ0

j 〉 (305)

We will also need explicit formula for embedding self-energy into Kohn-Sham basis

(Vω)ij = 〈ψ0
i |Σ(ω)− VDC |ψ0

j 〉 = 〈ψ0
i |φm〉 Σ̃mm′ 〈φm′ |ψ0

j 〉 (306)

where Σ̃mm′ = Σmm′(ω)− VDC,mm′ .
For DFT Hamiltonian H0 we have eigenvalue proble

ε0 = A0†H0A0 (307)

which together with Eq. 303 leads to the following LDA+DMFT eigenproblem

(H0 +OA0VωA
0†O)ARω = OARω εω (308)

where ARω = A0BRω . Similarly, ALω = BLωA
0†.

We vary eigenproblem Eq. 308 to get

(δH0)ARω + δ(OA0VωA
0†O)ARω − (δO)ARω εω −OARω δεω + (H0 +OA0VωA

0†O)(δARω )−O(δARω )εω = 0 (309)

and multiplying by ALω from left leads to

ALω(δH0)ARω +ALωδ(OA
0VωA

0†O)ARω −ALω(δO)ARω εω − δεω + εωA
L
ωO(δARω )−ALωO(δARω )εω = 0 (310)

which finally gives

δεω = ALω(δH0)ARω +ALωδ(OA
0VωA

0†O)ARω −ALω(δO)ARω εω + εωA
L
ωO(δARω )−ALωO(δARω )εω (311)

Notice that when only the diagonal components of the variation are needed, the last two terms cancel as εω is diagonal
matrix

(δεω)ii = (ALω(δH0)ARω +ALωδ(OA
0VωA

0†O)ARω −ALω(δO)ARω εω)ii (312)



26

To derive a small variation of DMFT free energy, we start from the expression Eq. 220.

F = −Tr log
(
iω + µ− |ψik〉 εLDAik 〈ψik| − |φ〉 (Σ− Vdc) 〈φ|

)
− Tr((VH + Vxc)ρ)

−Tr(|φ〉 (Σ− VDC) 〈φ|G) + EH [ρ] + Exc[ρ] + φDMFT [Glocal]− φDC [ρlocal] + Enucleous + µN (313)

which can now be rewritten as

F = −Tr log (iω + µ− εω)− Tr((VH + Vxc)ρ)− Tr(Σ̃ 〈φ|G|φ〉) + EH [ρ] + Exc[ρ]

+φDMFT [Glocal]− φDC [ρlocal] + Enucleous + µN (314)

The variation then gives

δF = Tr(Gdδεω)− Tr(GlocalδΣ̃)− Tr((δVH + δVxc + δVnucl)ρ)−
∑
α

FHFα δRα + µδN (315)

The charge neutrality is always enforced, hence δN vanishes. Gd is the Green’s function in diagonal basis, i.e.,
Gd = 1/(iω+ µ− εω). We then insert the diagonal components of variation (δεω)ii, determined in Eq. 312, to obtain

δF = Tr
(
Gd(ALω(δH0)ARω +ALωδ(OA

0VωA
0†O)ARω −ALω(δO)ARω εω)

)
− Tr(GlocalδΣ̃)− Tr(δVKSρ)−

∑
α

FHFα δRα

We then split the eigenvectors into frequency dependent and independnt parts ALω = BLωA
0† and ARω = A0BRω and

obtain

δF = Tr
(
BRωG

dBLωA
0†(δH0)A0

)
+ Tr

(
BRωG

dBLωA
0†δ(OA0VωA

0†O)A0
)
− Tr

(
BRω εωG

dBLωA
0†(δO)A0

)
(316)

−Tr(GlocalδΣ̃)− Tr(δVKSρ)−
∑
α

FHFα δRα

which can also be cast into the form

δF = Tr
(
BRωG

dBLωA
0†(δH0)A0

)
− Tr

(
BRω εωG

dBLωA
0†(δO)A0

)
− Tr(δVKSρ)−

∑
α

FHFα δRα (317)

+Tr
(

(BRωG
dBLω )ijA

0†
jK′δ(〈χK′ |φm′〉 Σ̃m′m 〈φm|χK〉)A0

Ki

)
(318)

−Tr
(

(BRωG
dBLω )ijA

0†
jK′ 〈χK′ |φm′〉 δ(Σ̃m′m) 〈φm|χK〉A0

Ki

)
(319)

where we used

Glocal mm′ = 〈φm|G|φm′〉 = 〈φm|χK〉 (ARωGdALω)KK′ 〈χK′ |φm′〉 = 〈φm|χK〉 (A0BRωG
dBLωA

0†)KK′ 〈χK′ |φm′〉 (320)

We thus obtain

δF = Tr
(
BRωG

dBLωA
0†(δH0)A0

)
− Tr

(
BRω εωG

dBLωA
0†(δO)A0

)
− Tr(δVKSρ)−

∑
α

FHFα δRα (321)

+Tr
(

(BRωG
dBLω )ijA

0†
jK′A

0
KiΣ̃m′mδ(〈χK′ |φm′〉 〈φm|χK〉)

)
(322)

We next define the following quantities

ρDMFT ≡ 1

β

∑
iω

BRω
1

iω + µ− εω
BLω = B w B† (323)

(ρε)DMFT ≡ 1

β

∑
iω

BRω εω
1

iω + µ− εω
BLω = B (w̃ε) B† = B̃ wε B̃† (324)

G(iω)ij ≡
(
BRω

1

iω + µ− εω
BLω

)
ij

(325)

The first line decomposes the DMFT density ρDMFT by unitary transformation B to produce diagonal matrix of
weights w, which is possible because ρDMFT is a Hermitian positive definite matrix. The second equation determines
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an auxiliary off-diagonal matrix of energy w̃ε, which is also Hermitian, since (ρε)DMFT is hermitian. Finally, the last

equation in Eq. 324 determines another unitary transformation B̃ which diagonalizes Hermitian matrix (ρε)DMFT .
Using the above defined quantities, we get for the variaton of the free energy:

δF = Tr
(
ρDMFTA0†(δH0)A0

)
− Tr

(
(ρε)DMFTA0†(δO)A0

)
− Tr(δVKSρ)−

∑
α

FHFα δRα

+Tr
(
A0

KiG(iω)ijA
0†
jK′ Σ̃m′m(ω)δ(〈χK′ |φm′〉 〈φm|χK〉)

)
(326)

We then derive the variation of LDA Hamiltonian and overlap matrix elements using either Krakauer’s formalism
(Eqs. 525, 526), or Soler/Williams formalism (527, 528, 529). In both cases we get

δO

δRα
= i(K−K′) 〈χK′ |χK〉MT −

∮
d~S χ̃∗K′ χ̃K (327)

δ 〈χK′ |T |χK〉
δRα

= i(K−K′) 〈χK′ |T |χK〉MT −
∮
d~S χ̃∗K′T χ̃K (328)

δ 〈χK′ |VKS |χK〉
δRα

= i(K−K′) 〈χK′ |VKS |χK〉MT −
∮
d~S χ̃∗K′VKSχ̃K + 〈χK′ |

δVKS
Rα

|χK〉+ 〈χK′ |∇VKS |χK〉MT

(329)

Notice that in Soler/Williams formalism we would use Gauss theorem to write an equivalent form

δO

δRα
= i(K−K′) [〈χK′ |χK〉MT − 〈χ̃K′ |χ̃K〉MT ] (330)

δ 〈χK′ |T |χK〉
δRα

= i(K−K′) [〈χK′ |T |χK〉MT − 〈χ̃K′ |T |χ̃K〉MT ] (331)

δ 〈χK′ |VKS |χK〉
δRα

= i(K−K′) [〈χK′ |VKS |χK〉MT − 〈χ̃K′ |VKS |χ̃K〉MT ] + 〈χK′ |
δVKS
Rα

|χK〉

+ 〈χK′ |∇VKS |χK〉MT − 〈χ̃K′ |∇VKS |χ̃K〉MT (332)

Using Krakauer form, we obtain

δH0

δRα
= i(K−K′) 〈χK′ |H0|χK〉MT −

∮
MT

d~S χ̃∗K′H
0χ̃K + 〈χK′ |

δV LDAKS

Rα
|χK〉

−
∫
MT

d3rV LDAKS ∇(χ∗K′χK) +

∮
MT

d~Sχ∗K′V
LDA
KS χK (333)

For the last two terms we used integration by parts to turn
∫
χ∗K′χK∇VKS into −

∫
VKS∇(χ∗K′χK) plus the surface

term.
Slight reshuffling of terms then gives

δH0

δRα
= i(K−K′) 〈χK′ |H0|χK〉MT + 〈χK′ |

δVKS
Rα

|χK〉 −
∫
MT

d3rVKS∇r(χ
∗
K′χK)

−
∮
MT

d~S χ̃∗K′T χ̃K +

∮
MT

d~S [χ∗K′VKSχK − χ̃∗K′VKSχ̃K] (334)

The last term can be neglected if expansion in the MT-sphere goes to large enough cutoff-lmax, as χK becomes
continuous across the MT-sphere. This term is neglected in Wien2K.

As explained in previous sections, in the interstitials we use the symmetric form of the kinetic energy operator, i.e.,
∇ψk · ∇ψk. In the MT-part, however, we use more common form of ψk(−∇2)ψk. Consequently, there is an extra
term generated on the surface of the MT sphere, which takes the form

〈χK′ |T |χK〉MT = 〈χK′ | − ∇2|χK〉MT +

∮
MT

d~Sχ∗K′∇rχK (335)
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This finally gives

δH0

δRα
= i(K−K′) 〈χK′ | − ∇2 + VKS |χK〉MT + i(K−K′)

∮
MT

d~Sχ∗K′∇rχK + 〈χK′ |
δV LDAKS

δRα
|χK〉 (336)

−
∫
MT

d3rVKS∇r (χ∗K′χK)− (k + K′)(k + K)

∮
MT

d~S χ̃∗K′+kχ̃K+k +

∮
MT

d~S [χ∗K′VKSχK − χ̃∗K′VKSχ̃K]

δO

δRα
= i(K−K′) 〈χK′ |χK〉MT −

∮
MT

d~S χ̃∗K′ χ̃K (337)

Notice that

ρ(r) = 〈r|ψ0
ki〉 ρDMFT

ij 〈ψ0
kj |r〉 = 〈r|χK〉A0

Kiρ
DMFT
ij A0†

jK′ 〈χK′ |r〉 (338)

hence

Tr

(
ρDMFT
ij A0†

jK′ 〈χK′ |
δV LDAKS

δRα
|χK〉A0

Ki

)
= Tr(ρ

δV LDAKS

δRα
) (339)

Tr

(
ρDMFT
ij A0†

jK′

∫
MT

d3rVKS∇r

(
χ∗K′+kχK+k

)
A0

Ki

)
=

∫
MT

d3rVKS(r)∇ρDMFT (r) (340)

For convenience, we define the following quantities

R
(1)
K′K ≡ i(K−K′) 〈χK′ | − ∇2 + VKS |χK〉MT (341)

R
(2)
K′K ≡ (k + K′)(k + K)

∮
MT

d~Sχ̃∗K′(r)χ̃K(r) (342)

R
(3)
K′K ≡ i(K−K′)

∮
MT

d~Sχ∗K′∇rχK (343)

R
(4)
K′K ≡

∮
MT

d~S [χ∗K′VKSχK − χ̃∗K′VKSχ̃K] (344)

Q
(1)
K′K ≡ i(K−K′) 〈χK′ |χK〉MT (345)

Q
(2)
K′K ≡

∮
r=RMT

d~Sχ̃∗K′(r)χ̃K(r) (346)

(347)

so that

δH0

δRα
= R(1) −R(2) +R(3) +R(4) −

∫
MT

d3rVKS∇r (χ∗K′χK) + 〈χK′ |
δV LDAKS

δRα
|χK〉 (348)

δO

δRα
= Q(1) −Q(2) (349)

Notice that in Soler/Williams formalism, we would get a term like i(K−K′) 〈χ̃K′ |T |χ̃K〉MT which can be shown to

be equivalent to R(2). Also the term i(K−K′) 〈χ̃K′ |χ̃K〉MT is equivalent to Q(2).
We can then evaluate term by term of δF . The first term is

Tr

(
ρDMFTA0† δH

0

δRα
A0

)
= Tr(ρDMFTA0†(R(1) −R(2) +R(3) +R(4))A0) + (350)

+ Tr(ρDMFT δV
LDA
KS

δRα
)−

∫
MT

d3rV LDAKS (r)∇ρDMFT (r)

The second term is

Tr

(
(ρε)DMFTA0† δO

δRα
A0

)
= Tr((ρε)DMFTA0†(Q(1) −Q(2))A0) (351)

The variation of the DMFT projector

δ

δRα
〈χK′ |φm′〉 〈φm|χK〉
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is a bit subtle. First, the DMFT projector is zero outside MT-sphere, hence δṼ /δRα = 0 and Ṽ = 0 outside MT-
sphere. We move the projector rigidly with the MT-sphere, hence inside MT-sphere we only have δV/δRα = −∇V .
We then use formulas derived in Eq. 525, which in this case takes the form

δ

δRα
〈χK′ |V |χK〉 = 〈δχK′

δRα
|V |χK〉

MT

+ 〈χK′ |V |
δχK

δRα
〉
MT

− 〈χK′ |∇V |χK〉MT +

∮
MT

d~Sχ∗K′V χK (352)

= i(K−K′) 〈χK′ |V |χK〉MT (353)

We just derived that

δ

δRα
〈χK′ |φm′〉 〈φm|χK〉 = i(K−K′) 〈χK′ |φm′〉 〈φm|χK〉 . (354)

We now insert all these terms in Eq. 326, and obtain the Pulley forces

FPulleyα = −Tr(ρDMFTA0†(R(1) −R(2) +R(3) +R(4))A0) + Tr((ρε)DMFTA0†(Q(1) −Q(2))A0) (355)

+

∫
MT

d3rVKS(r)∇ρDMFT (r)− Tr
(
A0

KiG(iω)ijA
0†
jK′i(K−K′) 〈χK′ |φm′〉 Σ̃m′m(iω) 〈φm|χK〉

)
(356)

We then use Eqs. 323 and 324 and introduce the “DMFT” coefficients

A ≡ A0B (357)

to obtain Pulley forces in the form

FPulleyα = −Tr(wA†(R(1) −R(2) +R(3) +R(4))A) + Tr((w̃ε)A†(Q(1) −Q(2))A) (358)

+

∫
MT

d3rVKS(r)∇ρDMFT (r)− Tr
(
A0

KiG(iω)ijA
0†
jK′i(K−K′) 〈χK′ |φm′〉 Σ̃m′m(iω) 〈φm|χK〉

)
(359)

This can also be cast into the form

FPulleyα = −
∑

i,j,KK′

A†jK′i(K−K′) 〈χK′ |(−∇2 + VKS)wDMFT
i δij − (w̃ε)ij |χK〉MT AKi (360)

+
∑

i,jKK′

A†jK′ [(k + K′)(k + K)wDMFT
i δij − (w̃ε)ij ]AKi

∮
RMT

d~Sχ̃∗k+K′(r)χ̃k+K(r) (361)

−
∑
i

wDMFT
i

∑
KK′

A†iK′i(K−K′)AKi

∮
R−MT

d~Sχ∗k+K′(r)∇rχk+K(r) (362)

+

∫
MT

d3rVKS(r)∇ρDMFT (r) (363)

− 1

β

∑
iω,ij,KK′

A0
KiGij(iω)A0†

jK′i(K−K′) 〈χK′ |φm′〉 Σ̃m′m(iω) 〈φm|χK〉 (364)

−
∑
i

wDMFT
i

∑
K,K′

A†iK′AKi

∮
MT

d~S [χ∗K′VKSχK − χ̃∗K′VKSχ̃K] (365)

Notice that the last term is neglected as it should be small when lmax is sufficiently large.

D. Implementation of Eq. 360, symmetric part

This is implemented in Force1_DMFT.
Let’s start with the part containing spherical symmetric Hamiltonian

−i
∑
i,KK′

wDMFT
i (K−K′)A∗K′i 〈χK′ |(−∇2 + VKS)|χK〉MT AKi (366)
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We first repeat Eq. 67, which gives spherically symetric part of Hamiltonian in the MT-part:

〈χK′ | − ∇2 + V symKS (r)|χK〉MT = aK
′∗

lm aKlmEν + bK
′∗

lm bKlmEν 〈u̇l|u̇l〉+
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm] +

+ cK
′∗

lm cKlmEµ 〈uLO|uLO〉+
1

2
[aK

′∗
lm cKlm + cK

′∗
lm aKlm](Eµ + Eν) 〈u|uLO〉+

+
1

2
[cK

′∗
lm bKlm + bK

′∗
lm cKlm][〈uLO|ul〉+ (Eµ + Eν) 〈uLO|u̇l〉] (367)

Clearly, we can split the sum over K and K′ into two indepedent sums which take O(N) time.[We want to avoid
O(N2) scaling, since there are very many number of plane waves K].

We first define (compute) the following quantities

ai,lm =
∑
K

AKi a
K
lm (368)

~Ai,lm =
∑
K

K AKi a
K
lm (369)

which take O(N) time to compute. Here AK,i are eigenvectors corresponding to the Kohn-Sham energy εi. We

assume corresponding expression for bi,lm, ci,lm, ~Bi,lm, ~Ci,lm.
The quadratic terms of the form a∗lmalm become∑

KK′

(K−K′)A∗K′ia
K′∗
lm aKlmAiK = a∗i,lm ~Ai,lm − ~A∗i,lmai,lm = 2i Im{a∗i,lm ~Ai,lm} (370)

while those of the form a∗lmblm + b∗lmalm become∑
KK′

(K−K′)A∗K′i
1

2
[aK

′∗
lm bKlm + bK

′∗
lm aKlm]AKi =

1

2
[a∗i,lm

~Bi,lm − ~A∗i,lmbi,lm + b∗i,lm
~Ai,lm − ~B∗i,lmai,lm] =

= i Im{a∗i,lm ~Bi,lm + b∗i,lm ~Ai,lm} (371)

The term with H0 can then be expressed by∑
KK′

(K−K′)A∗K′i 〈χK′ | − ∇2 + V sphKS (r)|χK〉MT AKi =

iIm
{(

2a∗i,lmEν + b∗i,lm + c∗i,lm(Eµ + Eν) 〈u|uLO〉
)
~Ai,lm

}
+

+ iIm
{(
a∗i,lm + 2b∗i,lmEν 〈u̇l|u̇l〉+ c∗i,lm[〈uLO|ul〉+ (Eµ + Eν) 〈uLO|u̇l〉]

)
~Bi,lm

}
+

+ iIm
{(
a∗i,lm(Eµ + Eν) 〈u|uLO〉+ b∗i,lm[〈uLO|ul〉+ (Eµ + Eν) 〈uLO|u̇l〉] + 2Eµ c

∗
i,lm 〈uLO|uLO〉

)
~Ci,lm

}
(372)

The overlap term is

i
∑

i,j,KK′

(w̃ε)ij(K−K′)A∗K′j 〈χK′ |χK〉MT AKi (373)

and the overlap of augmented PW functions is

〈χK′ |χK〉MT = aK
′∗

lm aKlm + bK
′∗

lm bKlm 〈u̇l|u̇l〉+

+ cK
′∗

lm cKlm 〈uLO|uLO〉+ [aK
′∗

lm cKlm + cK
′∗

lm aKlm] 〈u|uLO〉+

+ [cK
′∗

lm bKlm + bK
′∗

lm cKlm] 〈uLO|u̇l〉 (374)
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hence we obtain ∑
ij

(w̃ε)ij
∑
KK′

(K−K′)A∗K′j 〈χK′ |χK〉MT AKi =

2iIm

∑
ij

(w̃ε)ij
(
a∗j,lm + c∗j,lm 〈uLO|u〉

)
~Ai,lm

+

+ 2iIm

∑
ij

(w̃ε)ij
(
b∗j,lm 〈u̇l|u̇l〉+ c∗j,lm 〈uLO|u̇l〉

)
~Bi,lm

+

+ 2iIm

∑
ij

(w̃ε)ij
(
a∗j,lm 〈u|uLO〉+ b∗j,lm 〈u̇l|uLO〉+ c∗j,lm 〈uLO|uLO〉

)
~Ci,lm


and the final result becomes

F(1)Pulleyα = −
∑

i,j,KK′

A†jK′ i(K−K′) 〈χK′ |(−∇2 + VKS)w
DMFT
i δij − (w̃ε)ij |χK〉AKi =

∑
i,lm

Im

{(
wi
[
2a∗i,lmEν + b∗i,lm + c∗i,lm(Eµ + Eν) 〈u|uLO〉

]
− 2

∑
j

(w̃ε)ij
[
a∗j,lm + c∗j,lm 〈u|uLO〉

])
~Ai,lm

}
+

+
∑
i,lm

Im

{(
wi
[
a∗i,lm + 2b∗i,lmEν 〈u̇l|u̇l〉+ c∗i,lm[〈uLO|ul〉+ (Eµ + Eν) 〈uLO|u̇l〉]

]
− 2

∑
j

(w̃ε)ij
[
b∗j,lm 〈u̇l|u̇l〉+ c∗j,lm 〈uLO|u̇l〉

])
~Bi,lm

}
+

+
∑
i,lm

Im
{(
wi
[
a∗i,lm(Eµ + Eν) 〈u|uLO〉+ b∗i,lm[〈uLO|ul〉+ (Eµ + Eν) 〈uLO|u̇l〉] + 2Eµ c

∗
i,lm 〈uLO|uLO〉

]
−

−2
∑
j

(w̃ε)ij
[
a∗j,lm 〈u|uLO〉+ b∗j,lm 〈u̇l|uLO〉+ c∗j,lm 〈uLO|uLO〉

])
~Ci,lm

}
(375)

This force is called fsph.

Note that ~A, ~B and ~C are called aalm, bblm, and cclm.
In Wien2k, this is implemented in function fomai1. Also note that 〈u̇|u̇〉 = pei, 〈uLO|u〉 = pi12lo, 〈uLO|u̇〉 = pe12lo,

〈uLO|uLO〉 = pr12lo.

E. Implementation of Eq. 360, non-symmetric part

This is implemented in Force2.
The non-sperically symmetric part of Eq. 360 takes the form

F(2)Pulleyα = −i
∑
i

wi
∑
K,K′

A∗i,K′(K−K′)Ai,K 〈χK′ |V n−symKS (r)|χK〉MT (376)

In file case.nsh, we read non-spherical symmetric potential, which is given in the following form

V non−sphκ1l1m1κ2l2m2
=

∫
d3rY ∗l1m1

(r̂)uκ1V n−sym(r)uκ2Yl2m2
(r̂) (377)

The data in case.nsh contains the following matrix elements

〈u|V |u〉 → tuu (378)

〈u|V |u̇〉 → tud (379)

〈u̇|V |u〉 → tdu (380)

〈u̇|V |u̇〉 → tdd (381)

· · · (382)



32

To evaluate the term, we substutute the definition for χK to obtain∑
K,K′

(K−K′)A∗iK′ 〈χK′ |V n−sym|χK〉MT AiK = (383)

∑
K,K′

(K−K′)A∗iK′ 〈Yl1m1

∑
κ1

aκ1,K
′

l1m1
uκ1

l1
|V n−sym|Yl2m2

∑
κ2

aκ2,K
l2m2

uκ2

l2
〉AiK (384)

which simplifies to ∑
K,K′

(K−K′)A∗iK′ 〈χK′ |V n−sym|χK〉MT AiK = (385)

∑
κ1l1m1,κ2l2m2

a∗κ1,i
l1m1

~Aκ2,i
l2m2

Vκ1l1m1,κ2l2m2
− ~A∗κ1,i

l1m1
aκ2,i
l2m2

Vκ1l1m1,κ2l2m2
= (386)

2iIm

 ∑
κ1l1m1,κ2l2m2

a∗κ1,i
l1m1

~Aκ2,i
l2m2

Vκ1l1m1,κ2l2m2

 (387)

hence, we have

F(2)Pulleyα =
∑
i

wi
∑

κ1l1m1,κ2l2m2

2Im
{
a∗κ1,i
l1m1

Vκ1l1m1,κ2l2m2
~Aκ2,i
l2m2

}
(388)

Implementation builds the following quantity

afac(κ2, l1m1, l2m2) =
∑
κ1

a∗κ1,i
l1m1

Vκ1l1m1,κ2l2m2 (389)

and evaluates

F(2)Pulleyα =
∑
i

fi
∑

l1m1,l2m2,κ2

2Im[afac(κ2, l1m1, l2m2) ~Aκ2,i
l2m2

] (390)

Note that this force has name fnsp. Also note that ~A, ~B, ~C are called aalm,bblm,cclm and matrix elements of V
are called tuu,tud,tdu,....

Within Wien2k this is implemented in fomai1.

F. Implementation of term 361

Next we discuss implementation of Eq. 361:

F(4)Pulleyα =
∑
i,K,G

wDMFT
i (A0B)∗K−G,i(k + K−G)(A0B)K,i(k + K)R2

MT

∫
dΩ

eiGr

Vcell
~er (391)

−
∑
ij,K,G

(A0B)K,i(w̃ε)ij(A
0B)∗K−G,jR

2
MT

∫
dΩ

eiGr

Vcell
~er (392)

or

F(4)Pulleyα =
∑
i,K,G

wDMFT
i (A0B)∗K−G,i(K + k−G)(A0B)K,i(K + k)R2

MT

∫
dΩ

eiGr

Vcell
~er (393)

−
∑
ij,K,G

A0
Ki(B(w̃ε)B†)ijA0∗

K−G,jR
2
MT

∫
dΩ

eiGr

Vcell
~er (394)

or

F(4)Pulleyα =
∑
i,K,G

wDMFT
i (A0B)∗K−G,i(K + k−G)(A0B)K,i(K + k)R2

MT

∫
dΩ

eiGr

Vcell
~er (395)

−
∑
ij,K,G

A0
Ki(ρε)

DMFT
ij A0∗

K−G,jR
2
MT

∫
dΩ

eiGr

Vcell
~er (396)
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We next diagonalize the density matrix

(ρε)DMFT = B̃wεB̃† (397)

and simplify

F(4)Pulleyα =
∑
i,K,G

wDMFT
i (A0B)∗K−G,i(K + k−G)(A0B)K,i(K + k)R2

MT

∫
dΩ

eiGr

Vcell
~er (398)

−
∑
ij,K,G

(A0B̃)Kiwε,i(A
0B̃)∗K−G,iR

2
MT

∫
dΩ

eiGr

Vcell
~er (399)

The convolution in K needs quadratic amount of time (O(N2)). By using FFT and turning it into product in real
space, it takes only N log(N) time, hence we will use FFT for the following quantities

~Xi(r) =
∑
K

(A0B)K,i(K + k)eiKr (400)

Yi(r) =
∑
K

(A0B̃)K,ie
iKr (401)

The inverse FFT should then be used to obtain aternative representation for convolution

F(4)Pulleyα =

∫
d3r

V

∑
i

e−iGr[ ~X∗i (r)wi ~Xi(r)− Y ∗i (r)wε,iYi(r)]R2
MT

∫
dΩ

eiGr

Vcell
~er (402)

Finally, one can check that ∫
dΩeiGr~er = 4π

G

|G|
j1(|G|RMT )ieiGrα (403)

In the code we compute

ekink =

∫
d3r

V

∑
i

e−iGr[ ~X∗i (r)wi ~Xi(r)− Y ∗i (r)wε,iYi(r)] (404)

which is computed in l2main.
The final part of this force is implemented in Force_surface.

G. Implementation of Eq. 362

Next we consider Eq. 362, which is

F(3)Pulleyα = −
∑
i

wDMFT
i

∑
KK′

A†iK′i(K−K′)AKi

∮
R−MT

d~Sχ∗k+K′(r)∇rχk+K(r) (405)

We know that the therm should be real, therefore we will symmetrize it to show this explicitely

F(3)Pulleyα = −1

2

∑
i

wi
∑
K,K′

A†iK′i(K−K′)AKi

∮
r=R−MT

d~S[χ∗K′+k(r)∇rχK+k(r) + χK+k(r)∇χ∗K′+k(r)] (406)

which is equal to

F(3)Pulleyα = −1

2

∑
k,i

wi
∑
K,K′

i(K−K′)A∗K′iAKi R
2
MT

∮
r=RMT−

dΩ [χ∗K′+k(r)
∂

∂r
χK+k + χK+k(r)

∂

∂r
χ∗K′+k(r)](407)

and inserting expression for χ we get

F(3)Pulleyα = −1

2

∑
k,i

wi
∑
K,K′

i(K−K′)A∗K′iAKi R
2
MT

∑
l,m,κ′,κ

aκ
′ ∗
lm,K′u

κ′

l a
κ
lm,Ku

′κ
l + aκ

′

lm,Ku
κ′

l a
κ ∗
lm,K′u

′κ
l (408)
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and summing over K and K′ gives

F(3)Pulleyα = − i
2

∑
k,i

wiR
2
MT

∑
l,m,κ′,κ

[aκ
′ ∗
i,lmu

κ′

l
~Aκi,lmu′

κ
l + ~Aκ

′

i,lmu
κ′

l a
κ ∗
i,lmu

′κ
l − ~Aκ

′ ∗
i,lmu

κ′

l a
κ
i,lmu

′κ
l − aκ

′

i,lmu
κ′

l
~Aκ ∗i,lmu′

κ
l ](409)

which can be simplified to

F(3)Pulleyα = R2
MT

∑
k,i

wi
∑

l,m,κ′,κ

Im[aκ
′ ∗
i,lmu

κ′

l
~Aκi,lmu′

κ
l + ~Aκ

′

i,lmu
κ′

l a
κ ∗
i,lmu

′κ
l ] (410)

We can then define the following quantities

kinfac(1, ilm) =
∑
κ

aκi,lmu
κ
l (RMT ) (411)

kinfac(2, ilm) =
∑
κ

aκi,lmu
′κ
l (RMT ) (412)

kinfac(3, ilm) =
∑
κ

~Aκi,lmu′
κ
l (RMT ) (413)

kinfac(4, ilm) =
∑
κ

~Aκi,lmuκl (RMT ) (414)

and write

F(3)Pulleyα = R2
MT

∑
k,i

wi
∑
l,m

Im[(kinfac(1, ilm))∗kinfac(3, ilm) + kinfac(4, ilm)(kinfac(2, ilm))∗] (415)

This part of the force is named fsph2 and is coded in fomai1 within Wien2k, and in Force3 in my code.

1. Alternative implementation using plane waves

We are free to choose any form of the kinetic energy, either ∇·∇ or −∇2. We could choose the form to be −∇2 and
then we would get the same term computed with the interstitial basis functions. The problem is that these functions
are not continuous and hence the left derivative is different that the right derivative. The best way out is than to use
the average of the left and right derivative, hence we will compute the same term with interstitial charge, and then
average over both terms.

The Eq. 362 using plane wave functions is

F(3)Pulleyα = −1

2

∑
i

wi
∑
K,K′

A†iK′i(K−K′)AKi

∮
r=RMT

d~S[χ̃∗K′+k(r)∇rχ̃K+k(r) + χ̃K+k(r)∇χ̃∗K′+k(r)] =(416)

= −1

2

∑
i

wi
∑
K,K′

A†iK′i(K−K′)AKi

∮
r=RMT

d~S∇r(χ̃
∗
K′+k(r)χ̃K+k(r)) (417)

If we go one step back and check derivation of kinetic energy part, Eq. 328, we see that replacing ∇2 in the interstitials
with ∇ · ∇ would generate a term∮

MT

d~Sχ̃∗K′(−∇2)χ̃K =

∮
MT

d~S∇χ̃∗K′ · ∇χ̃K −
∮
MT

d~S∇ · (χ̃∗K′∇χ̃K) (418)

which, when inserted into Pulley force, leads to a term

F = −
∑
i

wi
∑
KK

A†iK′AKi

∮
MT

d~S∇ · (χ̃∗K′∇χ̃K)→ −1

2

∑
i

wi
∑
KK

A†iK′AKi

∮
MT

d~S∇ · (χ̃∗K′∇χ̃K + χ̃K∇χ̃∗K′) (419)

The last simplification is obtained by symmetrizing the term, as force should be real. We can notice that this
expression is equivalent to the above derived Eq. 416, however, now we can rewrite the integral into even a simpler
form

F = −1

2

∑
i

wi
∑
KK

A†iK′AKi

∮
MT

d~S∇2(χ̃∗K′ χ̃K) = −1

2

∮
MT

d~S∇2ρ̃(r). (420)
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We will show below that both forms Eq. 417 and Eq. 420 lead to the same expression for the force.
Starting from Eq. 417 we get

F(3)Pulleyα =
1

2

∑
i

wi
∑
K,K′

A†iK′(K−K′)AKi e
i(K−K′)Rα

∮
r=RMT

d~S · (K−K′)
1

Vcell
ei(K−K

′)r (421)

or

F(3)Pulleyα =
1

2

∑
i,K,G

A∗K−G,iwiAKi G eiGRα

∮
r=RMT

d~S ·G 1

Vcell
eiGr (422)

We then recognize the density in the interstitials, which was previously computed by FFT

ρ̃G =
1

Vcell

∑
i,K,k

A∗K−G,iwiAKi (423)

Our force then becomes

F(3)Pulleyα =
1

2

∑
G

ρ̃GG eiGRα

∮
r=RMT

d~S ·GeiGr (424)

It is straighorward to show ∫
dΩ(~er ·G)eiGr = 4πij1(|G|RMT )|G| (425)

hence the force is

F(3)Pulleyα =
R2
MT

2

∑
G

ρ̃G4πj1(|G|RMT )ieiGRα |G|G (426)

For alternative derivation we start from Eq. 420 and write

F = −1

2

∮
MT

d~S∇2ρ̃(r) =
1

2

∮
MT

d~S
∑
G

G2ρ̃Ge
iGRαeiGr =

R2
MT

2

∑
G

G2ρ̃Ge
iGRα

∫
dΩeiGr~er (427)

It is easy to show that ∫
dΩ~ere

iGr = 4πij1(GRMT )
G

|G|
(428)

hence we obtain the same expression

F =
R2
MT

2

∑
G

ρ̃Ge
iGRα4πij1(GRMT )|G|G (429)

[It turns out that this formula does not give the same value as its implementation with augmented plane waves
(inside MT sphere) Eq 410. I do not understand why. Misterious!].

H. Implementation of Eq. 363

F(5)Pulleyα =

∫
MT

d3rVKS(r)∇ρ(r) =
∑

lmsl′m′s′

∫
d3rVl′m′s′(r)yl′m′s′(r̂)∇(ρlms(r)ylms(r̂)) (430)

Here we use the real spheric harmonics, introduced in Kurki-Suonio, which are defined by

ylm+ =
1√

2(1 + δm,0)
(Yl,−m + (−1)mYl,m) =

√
2

1 + δm,0
(−1)mReYlm (431)

ylm− =
1√

2(1 + δm,0)
(Yl,−m − (−1)mYl,m) =

√
2

1 + δm,0
(−1)mImYlm (432)
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Notice that in Wien2k Ylm’s are not defined in a standard way as in most QM textbooks, but are defined as in classical
mechanics with an extra (−1)m. Hence, in Wien2k, one needs to add (−1)m to the above definitions.

The operator ∇ in spheric harmonics is

∇f = ~er
∂

∂r
+

sin θ

r

 − cos θ cosφ

− cos θ sinφ

sin θ

 ∂

∂(cos θ)
+

1

r sin θ

 − sinφ

cosφ

0

 ∂

∂φ
= ~er

∂

∂r
+

1

r
∇θφ (433)

The last form emphasizes that ∇ has the radial part and a angle part. Using this decomposition, we can write

F(5)Pulleyα =

∫
d3rVKS(r)∇ρ(r) =

∑
lmsl′m′s′

∫ ∞
0

drr2Vl′m′s′(r)
dρlms(r)

dr

∫
dΩyl′m′s′(r̂)~erylms(r̂) (434)

+
∑

lmsl′m′s′

∫ ∞
0

drr2
Vl′m′s′(r)ρlms(r)

r

∫
dΩyl′m′s′(r̂)∇θφYlms(r̂) (435)

We then define the following integrals

I1l′m′s′lms ≡
∫
dΩyl′m′s′(r̂)~erylms(r̂) (436)

I2l′m′s′lms ≡
∫
dΩyl′m′s′(r̂)(r∇)ylms(r̂) (437)

I3l′m′s′lms ≡
∫
dΩ(r∇yl′m′s′(r̂)) · (r∇ylms(r̂))~er (438)

and rewrite

F(5)Pulleyα =
∑

lmsl′m′s′

∫ ∞
0

drr2Vl′m′s′(r)
dρlms(r)

dr
I1l′m′s′lms +

∑
lmsl′m′s′

∫ ∞
0

drr2
Vl′m′s′(r)ρlms(r)

r
I2l′m′s′lms (439)

In the following, we will need these integrals:

I1l′m′lm ≡
∫
dΩY ∗l′m′(r̂)~erYlm(r̂) (440)

I2l′m′lm ≡
∫
dΩY ∗l′m′(r̂)(r∇Ylm(r̂)) (441)

I3l′m′lm ≡
∫
dΩ(r∇Y ∗l′m′(r̂)) · (r∇Ylm(r̂))~er (442)

(443)

We first compute the following integral

I1l′m′lm ≡
∫
dΩY ∗l′m′(r̂)~erYlm(r̂) = (444)

(−1)m+m′

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m′)!

4π(l +m)!4π(l′ +m′)!

∫ 1

−1
dxPm

′

l′ (x)Pml (x)


√

1− x2
∫ 2π

0
dφ ei(m−m

′)φ cosφ√
1− x2

∫ 2π

0
dφ ei(m−m

′)φ sinφ

x
∫ 2π

0
dφ ei(m−m

′)φ

(445)

I1l′m′lm = (−1)m+m′π

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m′)!

4π(l +m)!4π(l′ +m′)!

∫ 1

−1
dxPm

′

l′ (x)Pml (x)


√

1− x2δm′=m±1
∓i
√

1− x2δm′=m±1
2xδmm′

 (446)

which is equal to

I1l′m′lm = πδm′=m±1

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m∓ 1)!

4π(l +m)!4π(l′ +m± 1)!

∫ 1

−1
dxPm±1l′ (x)Pml (x)

√
1− x2

 −1

±i
0


+2πδmm′

√
(2l + 1)(l −m)!(2l′ + 1)(l′ −m)!

4π(l +m)!4π(l′ +m)!

∫ 1

−1
dxPml′ (x)Pml (x)x

 0

0

1

 (447)
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With the help of the following well known recursion relation√
1− x2Pml =

1

2l + 1

[
Pm+1
l−1 − P

m+1
l+1

]
(448)√

1− x2Pml =
1

2l + 1

[
(l −m+ 1)(l −m+ 2)Pm−1l+1 − (l +m− 1)(l +m)Pm−1l−1

]
(449)

xPml =
1

2l + 1

[
(l −m+ 1)Pml+1 + (l +m)Pml−1

]
(450)

we arrive at

I1l′m′lm =

 −1

i

0

 1

2

[
δl′=l−1

√
(l −m)(l −m− 1)

(2l + 1)(2l − 1)
− δl′=l+1

√
(l +m+ 1)(l +m+ 2)

(2l + 1)(2l + 3)

]
δm′=m+1 + (451)

+

 −1

−i
0

 1

2

[
δl′=l+1

√
(l −m+ 1)(l −m+ 2)

(2l + 1)(2l + 3)
− δl′=l−1

√
(l +m)(l +m− 1)

(2l + 1)(2l − 1)

]
δm′=m−1 + (452)

+

 0

0

1

[δl′=l+1

√
(l −m+ 1)(l +m+ 1)

(2l + 1)(2l + 3)
+ δl′=l−1

√
(l +m)(l −m)

(2l − 1)(2l + 1)

]
δm′=m (453)

Let’s define

a(l,m) =

√
(l +m+ 1)(l +m+ 2)

(2l + 1)(2l + 3)
(454)

f(l,m) =

√
(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)
(455)

(456)

and rewrite

I1l′m′lm =

 1

−i
0

 1

2
[a(l,m)δl′=l+1 − a(l′,−m′)δl′=l−1] δm′=m+1 + (457)

+

 −1

−i
0

 1

2
[a(l,−m)δl′=l+1 − a(l′,m′)δl′=l−1] δm′=m−1 + (458)

+

 0

0

1

 [f(l,m)δl′=l+1 + f(l′,m′)δl′=l−1] δm′=m (459)

Next we compute the following integral

I2l′m′lm ≡
∫
dΩY ∗l′m′(r̂)∇θφYlm(r̂) =

∫
dΩY ∗l′m′(r̂)(r∇)Ylm(r̂) (460)

Due to Wigner-Eckart theorem, we know the dependence on m,m′ is equal to I1l′m′lm. The dependence on l, l′ can be
either found numerically, or analytically using several recursion relations.
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The result for I2 is

I2l′m′lm =

 1

−i
0

 1

2
[−l a(l,m)δl′=l+1 − (l + 1) a(l′,−m′)δl′=l−1] δm′=m+1 + (461)

+

 −1

−i
0

 1

2
[−l a(l,−m)δl′=l+1 − (l + 1) a(l′,m′)δl′=l−1] δm′=m−1 + (462)

+

 0

0

1

 [−l f(l,m)δl′=l+1 + (l + 1)f(l′,m′)δl′=l−1] δm′=m (463)

We can write both integrals in a common form, namely,

Inl′m′lm = cn,l

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1 (464)

−dn,l

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (465)

where

c1,l = 1
2 d1,l =

1

2
(466)

c2,l = − l
2 d2,l =

l + 1

2
(467)

c3,l = l(l+2)
2 d3,l =

(l − 1)(l + 1)

2
(468)

We also gave coefficients for I3, which gives kinetic energy operator integrated over the sphere of the MT-sphere.
In the code, we use real spheric harmonics ylm±, which are related to complex spheric harmonics by

Ylm = (−1)m
√

1 + δm,0
2

(ylm+ + iylm−) (469)

Yl,−m =

√
1 + δm,0

2
(ylm+ − iylm−) (470)

In Section. IV E we derive the connection between the matrix elements of the real harmonics and complex harmonics,
and we also derive the matrix elements 〈yl′m′s′ |T |ylms〉. Here we just give the final result:

〈yl′m′±|T |ylm±〉 = cn,l δl′=l+1


−a(l,m)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l,−m)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

2f(l,m)δm′=m
(1±δm=0)
1+δm=0



−dn,l δl′=l−1


−a(l′,−m′)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l′,m′)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

−2f(l′,m′)δm′=m
(1±δm=0)
1+δm=0


 (471)

and

〈yl′m′±|T |ylm∓〉 = ±

 0

1

0

{cn,l δl′=l+1

(
a(l,m)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l,−m)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)

−dn,l δl′=l−1
(
a(l′,−m′)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l′,m′)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)}
(472)
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This term has name fomai2 in Wien2k, and is coded in program Force4_mine. This part reads non-spherical
potential VKS(r) and calls another subprogram VdRho, which performns the integration.

I. Implementation of Eq. 364

This is implemented in cmpLogGdloc.
We will first rearange terms from Eq. 364 in the following way

Eq. 364 = − 1

β

∑
iω

Gij(iω)
{
〈ψ0
j |φm′〉Σm′m(iω) 〈φm|ψ0

i′〉 〈ψ0
i′ |χK〉 iKA0

Ki −A
0†
jK′iK

′ 〈χK′ |ψ0
i′〉 〈ψ0

i′ |φm′〉Σm′m(iω) 〈φm|ψ0
i 〉
}

Now we recognize that 〈χ0
K′ |ψ0

i 〉 = OK′KA
0
Ki and Uim = 〈ψ0

i |φm〉 hence

Eq. 364 = − 1

β

∑
iω

Gij(iω)
{
Ujm′Σm′m(iω)U†mi′(A

0†O)i′KiKA
0
Ki −A

0†
jK′iK

′(OA0)K′i′Ui′m′Σm′m(iω)U†mi

}
We next define the following quantites

~Rij =
∑
K

A0†
iKK(OA0)Kj (473)

~Uim =
∑
j

~RijUjm (474)

In practice, we can directly compute ~U from the following

~Uim =
∑
k

A0∗
KiK 〈χK|φm〉 (475)

We then simplify

Eq. 364 = − 1

β

∑
iω

i
{
~U†G(iω)U − U†G(iω)~U

}
mm′

Σm′m(iω)

The first term has the form Tr
(
~U†G(iω)UΣ(iω)

)
and if we just replace iω → −iω, we get

an equivalent form Tr
(
~U†G(−iω)UΣ(−iω)

)
, which can also be written as Tr

(
~U†G†(iω)UΣ†(iω)

)
=

Conjugate
(

Tr
(

Σ(iω)U†G(iω)~U
))

= Conjugate
(

Tr
(
U†G(iω)~UΣ(iω)

))
. The last form is equal to the second term,

but conjugated, hence, the result is real. We can hence also write

Eq. 364 = 2Im

 1

β

∑
iω,mm′

[
~U†G(iω)U

]
mm′

Σm′m(iω)

 (476)

We hence need to compute vector projector ~U in addition to U and project the DMFT Green’s function to this vector
form. We define the following generalized projector

~τmm
′

ij = i(~U∗imUjm′ − U∗im~Ujm′) (477)

which is called “lgtrans” in the code. We then have

Eq. 364 = − 1

β

∑
iω,mm′

Σm′m(iω)
∑
ij

~τmm
′

ij Gij(iω)

We call ~Gmm
′

d local =
∑
ij ~τ

mm′

ij Gij(iω) and compute it in “cmp dmft weights”.



40

J. Implementation of Eq. 365

We start with the plane-wave part of Eq. 365, which takes the form

FPulley =
∑
i

wDMFT
i

∑
K,K′

A†iK′AKi

∮
MT

d~Sχ̃∗K′VKSχ̃K (478)

=
∑
G

eiGRα

∑
i,K

A∗K−Giw
DMFT
i AKi

∮
RMT

d~S
eiGr

Vcell
VKS(r̂) (479)

We use FFT to compute the convolution (charge in the interstitials):

ρ̃G =
1

Vcell

∑
k,i,K

Ak∗
K−Giw

DMFT
k,i Ak

Ki (480)

and the expansion of the KS-potential in terms of real spheric harmonics

VKS(r) =
∑
lms

V KSlms (r) ylms(r) (481)

to obtain

FPulley =
∑
G

eiGRα ρ̃G R2
MT

∑
lms

V KSlms (RMT )

∫
dΩ ylms(r̂)eiGr~er (482)

Notice here that VKS is written in the local coordinate system, hence ylms’s also need to be specified in the local
coordinate system attached to an atom. On the other hand, eiGRα can be computed in the global coordinate systsem.

Next we use the well known expansion of plane wave in spherical waves

eiGr =
∑
l,m

4πiljl(Gr)Y
∗
lm(Ĝ)Ylm(r̂) =

∑
l

4πiljl(Gr)
∑

m≥0,s=±

ylms(Ĝ)ylms(r̂) (483)

The second form is for real harmonics used for potential and charge within Wien2k. We hence obtain

FPulley =
∑
G

eiGRα ρ̃G R2
MT

∑
lms

V KSlms (RMT )
∑
l′m′s′

4πil
′
jl′(Gr)yl′m′s′(Ĝ)

∫
dΩ ylms(r̂)~eryl′m′s′(r̂) (484)

We then recognize the interstitial charge density on the MT-sphere, i.e.,

ρlms(RMT ) =
∑
G

ρ̃G eiGRα4πiljl(GRMT )ylms(Ĝ) (485)

and the matrix elements previously computed

~I1l′m′s′lms ≡ 〈yl′m′s′ |~er|ylms〉 (486)

to simplify

FPulley = R2
MT

∑
lms

ρlms(RMT )
∑
l′m′s′

V KSl′m′s′I
1
lmsl′m′s′ (487)

For each atom, we precompute the quantity

~Vlms(Rα) =
∑
l′m′s′

V KSl′m′s′(RMT )~I1l′m′s′lms (488)

which gives simple expression for the force

FPulley = R2
MT

∑
lms

ρlms(RMT )~Vlms(Rα) (489)
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The most time consuming is calculation of the interstitial charge on the MT-sphere. It can be computed in the
following way

ρlms(RMT ) = 4π
∑
G0

ρ̃G iljl(GRMT )
∑

G∈G0−star

eiGRαylms(Ĝ) (490)

The MT-part can also be computed with Eq. 489, except that ρlms is in this case already computed and stored,
hence the calculation is trivial.

Alternatively, we can check the MT-part by using previously computed voulme integrlas Tr(VKS∇ρ). We start
from

FPulley = −
∑
i

wDMFT
i

∑
K,K′

A†iK′AKi

∮
MT

d~Sχ∗K′VKSχK (491)

and use Gauss theorem to derive∮
MT

d~Sχ∗K′VKSχK =

∫
MT

d3r (∇(χ∗K′χK)VKS + χ∗K′χK∇VKS) (492)

hence

FPulley = −
∑
i

wDMFT
i

∑
K,K′

A†iK′AKi

∫
MT

d3r (VKS∇(χ∗K′χK) + χ∗K′χK∇VKS) = −Tr(VKS∇ρ)− Tr(ρ∇VKS)(493)

Above we computed Tr(VKS∇ρ). In the same way we can also compute Tr(ρ∇VKS).

K. Check equivalence with LDA+U formula

To check previous equation on LDA+U, we notice that in Wien2k implementation, the projector is Y ∗lm′(r̂)δ(r −
r′)Ylm(r̂′). We then have Uim′Σm′mU

†
mj = 〈ψ0

i |φm′〉Σm′m 〈φm|ψ0
j 〉 = A0†

iK′ 〈χK′ |φm′〉Σm′m 〈φm|χK〉A0
Kj and ~R† =

A0†OKA0 hence

Uim′Σm′mU
†
mj′

~R†j′j = A0†
iK′a

K′κ′

lm′
∗
Σlm′ma

Kκ
lm 〈uκ

′

l |uκl 〉 (A0A0†OKA0)Kj (494)

= A0†
iK′a

K′κ′

lm′
∗
Σlm′ma

Kκ
lm 〈uκ

′

l |uκl 〉KA0
Kj = aκ

′ ∗
ilm′Σ

l
m′m 〈uκ

′

l |uκl 〉 ~Aκjlm (495)

In LDA+U the self-energy Σ is static, hence summation over iω of G(iω) gives δijfki and then Eq. 364 is equivalent
to

2Im

{∑
i

fkia
κ′ ∗
ilm′Σ

l
m′m 〈uκ

′

l |uκl 〉 ~Aκilm

}

which is exactly the LDA+U force implemented in Eq. 212
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IV. APPENDICES

A. Equivalence between Krakauer and Soler derivation

In Krakauer/Singh method, one uses an expansion of the basis function to calculate matrix elements of overlap and
kinetic energy. The change of the basis functions due to a shift is

δχK(r−Rα)

δRα
≈ i(k + K)χK(r−Rα)−∇rχK(r−Rα) + · · · (496)

and according to Singh, one should calculate the change of the matrix elements in the following way

δ 〈χK′ |T |χK〉 = 〈δχK′ |T |χK〉+ 〈χK′ |T |δχK〉+ 〈χK′ |δT |χK〉 (497)

= 〈i(k + K′)χK′ −∇χK′ |T |χK〉+ 〈χK′ |T |i(k + K)χK −∇χK〉 (498)

+

∮
r=R−MT

d~Sχ∗K′TχK −
∮
r=R+

MT

d~Sχ̃∗K′T χ̃K (499)

The last line stands for the discontinuity term, which appears when the matrix elements χK′TχK are not continuous
across the MT boundary. For r = R+

MT we used different symbol for χ to emphasize its form as plane wave in the
interstitials [This convention is used in Soler/Williams work].

It was shown by Soler/Williams in PRB 47, 6784 (1993) that this expression is equivalent to their formulation of
the force. For us, it is important to get equivalent expression, which I can rationalize (see below).

Let’s simplify the above expression

δ 〈χK′ |T |χK〉 = i(K−K′) 〈χK′ |T |χK〉MT −
∫
r<RMT

d3r[(∇χ∗K′)TχK + χ∗K′T∇χK] (500)

+

∮
r=R−MT

d~Sχ∗K′TχK −
∮
r=R+

MT

d~Sχ̃∗K′T χ̃K (501)

Using Stokes theorem, we can convert∫
r<RMT

d3r[(∇χ∗K′)TχK + χ∗K′T∇χK =

∫
r<RMT

d3r∇(χ∗K′TχK) =

∮
r=R−MT

d~Sχ∗K′TχK (502)

which cancels a term in Eq. 501 and gives

δ 〈χK′ |T |χK〉 = i(K−K′) 〈χK′ |T |χK〉MT −
∮
r=R+

MT

d~Sχ̃∗K′T χ̃K (503)

We can use Stokes theorem one more time to obtain∮
r=R+

MT

d~Sχ̃∗K′T χ̃K =

∫
r<RMT

d3r∇(χ̃∗K′T χ̃K) = 〈∇χ̃K′ |T |χ̃K〉MT + 〈χ̃K′ |T |∇χ̃K〉MT (504)

and since χ̃K are plane waves, we get∮
r=R+

MT

d~Sχ̃∗K′T χ̃K = i(K−K′) 〈χ̃K′ |T |χ̃K〉MT (505)

Inserting this expression back into Eq. 503, gives

δ 〈χK′ |T |χK〉 = i(K−K′) [〈χK′ |T |χK〉MT − 〈χ̃K′ |T |χ̃K〉MT ] (506)

This latter expression Eq. 506 was used in Soler/Williams, and can be derived explicitely from the form of the basis
functions χK. For simplicity, we will work with APW basis functions, but the result is general and works also for
LAPW functions. The explicit form of χK inside the MT-sphere at Rα is

χK(r) = ul(|r−Rα|)Ylm(R(r̂− R̂α))
4πil√
V
ei(k+K)RαY ∗lm(R(k + K))

jl(|k + K|S)

ul(S)
(507)
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The form in the interstitial is as always the plane wave

χ̃K(r) =
1√
V
ei(k+K)r (508)

When we move the atom α, we do not change the interstitial part χ̃K or any other atom, except atom at Rα. (We
imagine moving α atom at the fixed interstitial wave function.) The reason that χ changes is because of the matching
condition at the MT sphere changes. We have explicitely

〈χK′ |T |χK〉 = 〈χ̃K′ |T |χ̃K〉I +
∑
β

〈χK′ |T |χK〉MT−β = 〈χ̃K′ |T |χ̃K〉+
∑
β

〈χK′ |T |χK〉MT−β − 〈χ̃K′ |T |χ̃K〉MT−β(509)

The first term is now extended to the entire space, and is constant as we move the atom. The second term is changed,
but only MT − α term, when atom at Rα is moved. We can also explicitely write the second term

〈χK′ |T |χK〉 = 〈χ̃K′ |T |χ̃K〉+
∑
α

ei(K−K
′)RαYl′m′(R(k + K′))Y ∗lm(R(k + K))

(4π)2jl(|k + K|S)jl′(|k + K′|S)

V ul(S)ul′(S)

×
∫
MT−α

d3r ul′(|r−Rα|)Y ∗l′m′(R(r̂− R̂α))T̂ ul(|r−Rα|)Ylm(R(r̂− R̂α)) (510)

−ei(K−K
′)Rα

∫
MT−α

d3r e−i(k+K′)(r−Rα)T̂ ei(k+K)(r−Rα) (511)

We work at fixed ul functions, hence the form of ul(r) does not change as we move the atom. Their position however
changes. In the last two parts of the above equation we can change the integration variable from r−Rα to r and we
see

〈χK′ |T |χK〉 = 〈χ̃K′ |T |χ̃K〉+
∑
α

ei(K−K
′)RαYl′m′(R(k + K′))Y ∗lm(R(k + K))

(4π)2jl(|k + K|S)jl′(|k + K′|S)

V ul(S)ul′(S)

×
∫
r<S

d3r ul′(r)Y
∗
l′m′(Rr̂)T̂ ul(r)Ylm(Rr̂) (512)

−ei(K−K
′)Rα

∫
r<S

d3r e−i(k+K′)rT̂ ei(k+K)r (513)

The only place where Rα appears is in the phase factor ei(K−K
′)Rα , while the real space integral is not affected at all

by moving atom α. As the first term 〈χ̃K′ |T |χ̃K〉 is not affected by moving the atom, we conclude

δ

δRα
〈χK′ |T |χK〉 = i(K−K′)ei(K−K

′)Rα

{
Yl′m′(R(k + K′))Y ∗lm(R(k + K))

(4π)2jl(|k + K|S)jl′(|k + K′|S)

V ul(S)ul′(S)

×
∫
r<S

d3r ul′(r)Y
∗
l′m′(Rr̂)T̂ ul(r)Ylm(Rr̂)−

∫
r<S

d3r e−i(k+K′)rT̂ ei(k+K)r

}
(514)

We can summarize our result by more concise equation

δ

δRα
〈χK′ |T |χK〉 = i(K−K′)

[
〈χK′ |T |χK〉MT−α − 〈χ̃K′ |T |χ̃K〉MT−α

]
(515)

B. General form of small variation within both methods Krakauer and Soler

To show the connection between the Krakauer/Singh and Soler/Williams more clearly, we write a case of 1D
functions. Imagine we have a 1D functions f(x) = eikaf0(x − a), g(x) = eiqag0(x − a), defined in the interval

[a− S, a+ S]. Outside this interval f(x) and g(x) are different functions [such as plane waves] denoted by f̃(x) and

g̃(x). The functions outside the interval [a− S, a+ S] f̃ and g̃ do not change with the shift.
We will discuss two types of operators, which we call “rigid” and “non-rigid”. If δV

δa = 0, we call the operator
“rigid”. An example is kinetic energy operator T = ∇ · ∇, which does not change as we shift the atom.

A “non-rigid” operator, such as Kohn-Sham potential, can be writen within muffin-thin sphere as V (a, x − a), to
emphasize that an operator shifts with the atom, but it also changes its shape within the sphere (the shape changes
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even if we look at it in the coordinate system attached to the shifting atom). The derivative of such an operator is
then

δ

δa
V (a, x− a) =

(
∂V

∂a

)
x−a
−
(
∂V

∂x

)
a

(516)

In the rest of the system (interstitals) and other MT-spheres – in which the basis does not change – we replace all

functions with their smoothened equivalents, i.e., V → Ṽ (a, x). We allowed V to depend on the shift of a, as the charge
distribution changes, hence the Hartree potential will change as well (is a solution of Poisson equation). Hence, the
Hartree potential does depend on a also in the interstitials. The local exchange-correlation potential however does not
change outside the MT-sphere as the charge outside MT-sphere does not change, hence for xc-potential δṼxc/δa = 0.

The matrix element of such an operator can then be computed by

〈f |V |g〉 =

∫ a−S

−∞
f̃(x)Ṽ g̃(x) +

∫ ∞
a+S

f̃(x)Ṽ g̃(x) +

∫ a+S

a−S
f(x)V (a, x− a)g(x) (517)

which can also be simplified to

〈f |V |g〉 =

∫ a−S

−∞
f̃(x)Ṽ g̃(x) +

∫ ∞
a+S

f̃(x)Ṽ g̃(x) +

∫ a+S

a−S
ei(q−k)af0(x− a)V (a, x− a)g0(x− a)

=

∫ a−S

−∞
f̃(x)Ṽ g̃(x) +

∫ ∞
a+S

f̃(x)Ṽ g̃(x) + ei(q−k)a
∫ S

−S
f0(x)V (a, x)g0(x) (518)

If we move the interval for a bit a → a + δa we can take the derivative of either Eq. 517 or Eq. 518 to get two
equivalent expressions for the same quantity.

Let’s first take the derivative of Eq. 517

δ

δa
〈f |V |g〉 = (f̃V g̃)(x = a− S)− (f̃V g̃)(x = a+ S) + (fV g)(x = a+ S)− (fV g)(x = a− S) (519)

+

∫ a+S

a−S
(
δf

δa
)V gdx+

∫ a+S

a−S
fV (

δg

δa
)dx+

∫ a+S

a−S
f(
δV

δa
)gdx+

∫ a−S

−∞
f̃(x)

δṼ

δa
g̃(x) +

∫ ∞
a+S

f̃(x)
δṼ

δa
g̃(x) (520)

Here ( δVδa ) contains both terms for the rigid and non-rigid part from Eq. 516. We can siplify this expression to obtain

δ

δa
〈f |V |g〉 = 〈δf

δa
|V |g〉

MT
+ 〈f |V |δg

δa
〉
MT

+ (fV g − f̃V g̃)(x = a+ S)− (fV g − f̃V g̃)(x = a− S) + 〈f |δV
δa
|g〉(521)

At the boundary x = a ± S the two forms of the potential are equal V (a, S) = Ṽ (a, a + S), hence we droped tilde
sign. Notice also that one term (〈f | δVδa |g〉) extends over the entire space, while all others are integrated only within
MT-sphere. This form of the differential is the Krakauer’s way of differentiating matrix elements.

The alternative way is to differentiate Eq. 518, to obtain

δ

δa
〈f |V |g〉 = (f̃V g̃)(x = a− S)− (f̃V g̃)(x = a+ S) + i(q − k)ei(q−k)a

∫ S

−S
f0(x)V g0(x) (522)

+ei(q−k)a
∫ S

−S
f0(x)

(
∂V

∂a

)
x−a

g0(x) +

∫ a−S

−∞
f̃(x)

δṼ

δa
g̃(x) +

∫ ∞
a+S

f̃(x)
δṼ

δa
g̃(x)

which can also be written as

δ

δa
〈f |V |g〉 = (f̃V g̃)(x = a− S)− (f̃V g̃)(x = a+ S) + i(q − k) 〈f |V |g〉MT + 〈f |δV

δa
|g〉+ 〈f |

(
∂V

∂x

)
|g〉

MT

(523)

or equivalently

δ

δa
〈f |V |g〉 = i(q − k) 〈f |V |g〉MT + 〈f |δV

δa
|g〉+ 〈f |

(
∂V

∂x

)
|g〉

MT

−
∫ a+S

a−S
(
df̃

dx
V g̃ + f̃

dV

dx
g̃ + f̃V

dg̃

dx
) (524)

In 3D we can similarly derive two forms of differentiating the matrix elements. The Krakauer’s form is

δ

δRα
〈χK′ |V |χK〉 = 〈δχK′

δRα
|V |χK〉

MT

+ 〈χK′ |V |
δχK

δRα
〉
MT

+ 〈χK′ |
δV

δRα
|χK〉+

∮
MT

d~S(χ∗K′V χK − χ̃∗K′V χ̃K) (525)
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where δV
δRα

contains both “rigid” and “non-rigid” part of the derivative, and χ̃K (χK) are plane wave functions

(augmented basis functions), which are used in the interstitials r > S (in MT spheres r < S). Notice that the kinetic
energy part does not have terms like δV

δRα
because such derivative is absent. We thus have

δ

δRα
〈χK′ |T |χK〉 = 〈δχK′

δRα
|T |χK〉

MT

+ 〈χK′ |T |
δχK

δRα
〉
MT

+

∮
MT

d~S(χ∗K′TχK − χ̃∗K′T χ̃K) (526)

The alternative form, which is used in Soler/Williams, is

δ

δRα
〈χK′ |V |χK〉 = i(K−K′) 〈χK′ |V |χK〉MT + 〈χK′ |

δV

δRα
|χK〉+ 〈χK′ |∇V |χK〉MT −

∮
MT

d~Sχ̃∗K′V χ̃K (527)

This can also be simplified to get

δ

δRα
〈χK′ |V |χK〉 = i(K−K′) [〈χK′ |V |χK〉MT − 〈χ̃K′ |V |χ̃K〉MT ] + 〈χK′ |

δV

δRα
|χK〉

+ 〈χK′ |∇V |χK〉MT − 〈χ̃K′ |∇V |χ̃K〉MT (528)

For the kinetic energy there is no change of operator associated with the shift, hence δT
δRα

= 0 and ∇T = 0. We
thus have

δ

δRα
〈χK′ |T |χK〉 = i(K−K′) 〈χK′ |T |χK〉MT −

∮
r=R−MT

d~Sχ̃∗K′T χ̃K

= i(K−K′) [〈χK′ |T |χK〉MT − 〈χ̃K′ |T |χ̃K〉MT ] (529)

C. Discontinuous functions

Let’s start with discontinuity in 1D. If H(x) is continuous function in the interval [−∞,∞], and we move the entire
function for a small amount a, we expect no change in the following integral

0 =

∫
dx[H(x− a)−H(x)] = −a

∫
dH

dx
dx = −a[H(∞)−H(−∞)] (530)

If the function is continuous and goes to zero at large distances, this clearly works. But lets now take a function
H(x), which has a single jump at x0 so that H(x−0 ) 6= H(x+0 ). We then need to add the following term∫

dx[H(x− a)−H(x)] = −a
∫
dH

dx
dx+ a(H[x−0 ]−H[x+0 ]) (531)

and by rearranging we have∫
dxH(x− a) =

∫
dxH(x)− a

∫
dH

dx
dx+ a(H[x−0 ]−H[x+0 ]) (532)

In higher D we have similar equation. Let’s move a sphere for a small amount ~a. We get∫
d3rH(~r − ~a) =

∫
d3rH(~r)− ~a

∫
d3r∇rH(r) + ~a

∮
d~S(H[r−0 ]−H[r+0 ]) (533)

In summary, if we have a function H(r) and we move the sphere for vector ~a, its change is δH/δ~a = −∇rH(r). If
there is discountinuity, we have

δ

δ~a

∫
d3rH(~r) = ~a

∫
d3r

δH

δ~a
+ ~a

∮
d~S(H[r−0 ]−H[r+0 ]) (534)
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D. Another formula

∮
R−MT

d~S∇χ∗K′(r) · ∇χK(r) = aK
′,κ′ ∗

l′m′ aK,κlm

∫
dΩ~er (r∇)

(
uκ
′

l′

r
Y ∗l′m′

)
· (r∇)

(
uκl
r
Ylm

)
(535)

We know that

(r∇)
(u
r
Ylm

)
= ~err

d

dr

(u
r

)
+
u

r
(r∇)Ylm

hence

Eq. 535 = aK
′,κ′ ∗

l′m′ aK,κlm

[
r2
d

dr

(
uκ
′

l′

r

)
d

dr

(
uκl
r

)∮
Y ∗l′m′ ~erYlmdΩ +

(
uκ
′

l′

r

)(
uκl
r

)∫
(r∇)Y ∗l′m′(r̂) · (r∇)Ylm(r̂) ~erdΩ

]

We know that ∫
(r∇)Y ∗l′m′(r̂) (r∇)Ylm(r̂) dΩ = l(l + 1)δll′δmm′ .

To derive

I3l′m′lm =

∫
((r∇)Y ∗l′m′(r̂)) · ((r∇)Ylm(r̂))~er dΩ (536)

we use the standard procedure discussed above to obtain

I3l′m′lm =
l(l + 2)

2

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1

− (l − 1)(l + 1)

2

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (537)

which can also be written as

I3l′m′lm =
l(l + 2)

2
δl′=l+1

 a(l,m)δm′=m+1 − a(l,−m)δm′=m−1
−i[a(l,m)δm′=m+1 + a(l,−m)δm′=m−1]

2f(l,m)δm′=m


− (l − 1)(l + 1)

2
δl′=l−1

 a(l′,−m′)δm′=m+1 − a(l′,m′)δm′=m−1
−i[a(l′,−m′)δm′=m+1 + a(l′,m′)δm′=m−1]

−2f(l′,m′)δm′=m

 (538)

E. Matrix elements of the Spheric harmonics

We are interested in the following integrals:

I1l′m′lm ≡
∫
dΩY ∗l′m′(r̂)~erYlm(r̂) (539)

I2l′m′lm ≡
∫
dΩY ∗l′m′(r̂)(r∇Ylm(r̂)) (540)

I3l′m′lm ≡
∫
dΩ(r∇Y ∗l′m′(r̂)) · (r∇Ylm(r̂))~er (541)

(542)
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These integrals, computed above, take the form

I1l′m′lm =
1

2

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1

−1

2

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (543)

I2l′m′lm = − l
2

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1

− l + 1

2

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (544)

I3l′m′lm =
l(l + 2)

2

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1

− (l − 1)(l + 1)

2

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (545)

We can write all three integrals in a common form, namely,

Inl′m′lm = cn,l

a(l,m)

 1

−i
0

 δm′=m+1 + a(l,−m)

 −1

−i
0

 δm′=m−1 + 2f(l,m)

 0

0

1

 δm′=m

 δl′=l+1

−dn,l

a(l′,−m′)

 1

−i
0

 δm′=m+1 + a(l′,m′)

 −1

−i
0

 δm′=m−1 − 2f(l′,m′)

 0

0

1

 δm′=m

 δl′=l−1 (546)

where

c1,l = 1
2 d1,l =

1

2
(547)

c2,l = − l
2 d2,l =

l + 1

2
(548)

c3,l = l(l+2)
2 d3,l =

(l − 1)(l + 1)

2
(549)

Next we want to derive the integrals in real spheric harmonics ylm± which are related to complex spheric harmonics
by

Ylm = (−1)m
√

1 + δm,0
2

(ylm+ + iylm−) (550)

Yl,−m =

√
1 + δm,0

2
(ylm+ − iylm−) (551)

Here we want to find the connection between 〈Y ∗l′m′ |T |Ylm〉 and 〈yl′m′s′ |T |ylms〉. We will derive the connection for
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the case of T being a real operator. We have

〈yl′m′+|T |ylm+〉+ 〈yl′m′−|T |ylm−〉 = Re (〈yl′m′+ − iyl′m′−|T |ylm+ + iylm−〉) =
(−1)m+m′

√
D

2Re (〈Y ∗l′m′ |T |Ylm〉)

〈yl′m′+|T |ylm+〉 − 〈yl′m′−|T |ylm−〉 = Re (〈yl′m′+ + iyl′m′−|T |ylm+ + iylm−〉) =
(−1)m√
D

2Re
(
〈Y ∗l′−m′ |T |Ylm〉

)
〈yl′m′+|T |ylm−〉 − 〈yl′m′−|T |ylm+〉 = Im (〈yl′m′+ − iyl′m′−|T |ylm+ + iylm−〉) =

(−1)m+m′

√
D

2Im (〈Y ∗l′m′ |T |Ylm〉)

〈yl′m′+|T |ylm−〉+ 〈yl′m′−|T |ylm+〉 = Im (〈yl′m′+ + iyl′m′−|T |ylm+ + iylm−〉) =
(−1)m√
D

2Im
(
〈Y ∗l′−m′ |T |Ylm〉

)
where D = (1 + δm=0)(1 + δm′=0). We then have

〈yl′m′+|T |ylm+〉 =
(−1)m+m′√

(1 + δm,0)(1 + δm′,0)
Re
(
〈Y ∗l′m′ |T |Ylm〉+ (−1)m

′
〈Y ∗l′−m′ |T |Ylm〉

)
(552)

〈yl′m′−|T |ylm−〉 =
(−1)m+m′√

(1 + δm,0)(1 + δm′,0)
Re
(
〈Y ∗l′m′ |T |Ylm〉 − (−1)m

′
〈Y ∗l′−m′ |T |Ylm〉

)
(553)

〈yl′m′+|T |ylm−〉 =
(−1)m+m′√

(1 + δm,0)(1 + δm′,0)
Im
(
〈Y ∗l′m′ |T |Ylm〉+ (−1)m

′
〈Y ∗l′−m′ |T |Ylm〉

)
(554)

−〈yl′m′−|T |ylm+〉 =
(−1)m+m′√

(1 + δm,0)(1 + δm′,0)
Im
(
〈Y ∗l′m′ |T |Ylm〉 − (−1)m

′
〈Y ∗l′−m′ |T |Ylm〉

)
(555)

To proceed, we first turn the above complex harmonics integrals into slightly different form:

〈Yl′m′ |T |Ylm〉 = cn,l δl′=l+1

 a(l,m)δm′=m+1 − a(l,−m)δm′=m−1
−i[a(l,m)δm′=m+1 + a(l,−m)δm′=m−1]

2f(l,m)δm′=m


−dn,l δl′=l−1

 a(l′,−m′)δm′=m+1 − a(l′,m′)δm′=m−1
−i[a(l′,−m′)δm′=m+1 + a(l′,m′)δm′=m−1]

−2f(l′,m′)δm′=m

 (556)

For real spheric harmonics, we also need 〈Yl′−m′ |T |Ylm〉. But we are interested only in the case when both m >= 0
and m′ >= 0:

〈Yl′−m′ |T |Ylm〉 = cn,l δl′=l+1

 −a(l,−m)δm′=−m+1(δm=0 + δm=1)

−ia(l,−m)δm′=−m+1(δm=0 + δm=1)

2f(l,m)δm′=−mδm=0


−dn,l δl′=l−1

 −a(l′,−m′)δm′=−m+1(δm=0 + δm=1))

−ia(l′,−m′)δm′=−m+1(δm=0 + δm=1)

−2f(l′,−m′)δm′=−mδm=0

 (557)

If the two equations are put together, we obtain (for m >= 0 and m′ >= 0):

〈Yl′m′ |T |Ylm〉 ± (−1)m
′
〈Yl′−m′ |T |Ylm〉 = cn,l δl′=l+1

 a(l,m)δm′=m+1(1± δm=0)− a(l,−m)δm′=m−1(1± δm=1)

−i[a(l,m)δm′=m+1(1∓ δm=0) + a(l,−m)δm′=m−1(1± δm=1)]

2f(l,m)δm′=m(1± δm=0)


−dn,l δl′=l−1

 a(l′,−m′)δm′=m+1(1± δm=0)− a(l′,m′)δm′=m−1(1± δm=1)

−i[a(l′,−m′)δm′=m+1(1∓ δm=0) + a(l′,m′)δm′=m−1(1± δm=1)]

−2f(l′,m′)δm′=m(1± δm=0)
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hence we have

〈yl′m′±|T |ylm±〉 =
(−1)m+m′√

(1 + δm=0)(1 + δm′=0)
Re
(
〈Yl′m′ |T |Ylm〉 ± (−1)m

′
〈Yl′−m′ |T |Ylm〉

)
=

(−1)m+m′√
(1 + δm=0)(1 + δm′=0)

cn,l δl′=l+1

 a(l,m)δm′=m+1(1± δm=0)− a(l,−m)δm′=m−1(1± δm=1)

0

2f(l,m)δm′=m(1± δm=0)


−dn,l δl′=l−1

 a(l′,−m′)δm′=m+1(1± δm=0)− a(l′,m′)δm′=m−1(1± δm=1)

0

−2f(l′,m′)δm′=m(1± δm=0)


 (558)

and

〈yl′m′±|T |ylm∓〉 = ± (−1)m+m′√
(1 + δm=0)(1 + δm′=0)

Im
(
〈Yl′m′ |T |Ylm〉 ± (−1)m

′
〈Yl′−m′ |T |Ylm〉

)
=

± (−1)m+m′√
(1 + δm=0)(1 + δm′=0)

cn,l δl′=l+1

 0

−[a(l,m)δm′=m+1(1∓ δm=0) + a(l,−m)δm′=m−1(1± δm=1)]

0


−dn,lδl′=l−1

 0

−[a(l′,−m′)δm′=m+1(1∓ δm=0) + a(l′,m′)δm′=m−1(1± δm=1)]

0


 (559)

These equations can be simplified, which gives the final result:

〈yl′m′±|T |ylm±〉 = cn,l δl′=l+1


−a(l,m)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l,−m)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

2f(l,m)δm′=m
(1±δm=0)
1+δm=0



−dn,l δl′=l−1


−a(l′,−m′)δm′=m+1

(1±δm=0)√
1+δm=0

+ a(l′,m′)δm′=m−1
(1±δm′=0)√

1+δm′=0

0

−2f(l′,m′)δm′=m
(1±δm=0)
1+δm=0


 (560)

and

〈yl′m′±|T |ylm∓〉 = ±

 0

1

0

{cn,l δl′=l+1

(
a(l,m)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l,−m)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)

−dn,l δl′=l−1
(
a(l′,−m′)δm′=m+1

(1∓ δm=0)√
1 + δm=0

+ a(l′,m′)δm′=m−1
(1± δm′=0)√

1 + δm′=0

)}
(561)

F. Debugging

We can compute exact force in a very particular situation, in which we rigidly move Kohn-Sham potential with
the sphere of the moving atom. In this case the change of matrix elements of the potential are really simple The
alternative form, which is used in Soler/Williams, is

δ

δRα
〈χK′ |V |χK〉 = i(K−K′) 〈χK′ |V |χK〉MT −

∮
MT

d~Sχ̃∗K′V χ̃K (562)

This is because the MT-part is not changing except for the phase factor in front ei(k+K)Rα , while the interstitial part
has a surface term because there is slightly more interstitial volume behind the sphere and less infront.
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The equation can also be memorized as a special case in which

δV

δRα
= −∇V.

Note that in Wien2K the convolution of V KSG and the plane wave with the MT-hole’s is computed in lapw0 step.

Hence, when the potential is kept constant, we actually fix also 〈χ̃K|Ṽ KS |χ̃K′〉interstitials (the Kohn-Sham potential
in interestitials), hence the last term of above equation is absent.

For the kinetic part, similar equation holds

δ

δRα
〈χK′ |T |χK〉 = i(K−K′) 〈χK′ |T |χK〉MT −

∮
MT

d~Sχ̃∗K′T χ̃K (563)

hence we have

δ

δRα
〈χK′ |H0|χK〉 = i(K−K′) 〈χK′ |H0|χK〉MT −

∮
MT

d~Sχ̃∗K′H
0χ̃K (564)

But if we fix potential in lapw0, we actually just need

δ

δRα
〈χK′ |H0|χK〉 = i(K−K′) 〈χK′ |H0|χK〉MT −

∮
MT

d~Sχ̃∗K′T χ̃K (565)

For the overlap, the equation

δ

δRα
〈χK′ |χK〉 = i(K−K′) 〈χK′ |χK〉MT −

∮
MT

d~Sχ̃∗K′ χ̃K (566)

is exact.
We want to simulate the following equations

(A0† δO

δRα
A0)ij =

∑
KK′

A0†
iK′i(K−K′) 〈χK′ |χK〉MT A

0
Kj −A

0†
iK′

∮
MT

d~Sχ̃∗K′ χ̃KA
0
Kj (567)

(A0† δH
0

δRα
A0)ij =

∑
vKK′

A0†
iK′i(K−K′) 〈χK′ |H0|χK〉MT A

0
Kj −A

0†
iK′

∮
MT

d~Sχ̃∗K′T χ̃KA
0
Kj (568)

and check it with simulating a finite difference. The latter is obtained by computing H0 and O for unperturbed
system, we then move an atom and recompute H0 and O, and then take numerically finite difference and compare
with analytically obtained derivative.

For the overlap, we need the following two terms: The first term is

(A0†OMTA
0)ij ≡

∑
KK′

A†iK′i(K−K′) 〈χK′ |χK〉MT AKj = (569)

=
∑
KK′

A†iK′i(K−K′)
(
a∗lmK′ , b

∗
lmK′ c

∗
lmK′

) 〈ul|ul〉 〈ul|u̇l〉 〈ul|uLOl 〉
〈u̇l|ul〉 〈u̇l|u̇l〉 〈u̇l|uLOl 〉
〈uLOl |ul〉 〈uLOl |u̇l〉 〈uLOl |uLOl 〉


 almK

blmK

clmK

AKj

= i
(
a∗i,lm, b

∗
i,lm c∗i,lm

) 1 0 〈ul|uLOl 〉
0 〈u̇l|u̇l〉 〈u̇l|uLOl 〉

〈ul|uLOl 〉 〈u̇l|uLOl 〉 1


 ~Aj,lm

~Bj,lm
~Cj,lm

 (570)

−i
(
~A∗i,lm, ~B∗i,lm ~C∗i,lm

) 1 0 〈ul|uLOl 〉
0 〈u̇l|u̇l〉 〈u̇l|uLOl 〉

〈ul|uLOl 〉 〈u̇l|uLOl 〉 1


 aj,lm
bj,lm
cj,lm


which is equal to

(A0†OMTA
0) = i(O −O†) (571)
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where

Oij ≡
(
a∗i,lm, b

∗
i,lm c∗i,lm

) 1 0 〈ul|uLOl 〉
0 〈u̇l|u̇l〉 〈u̇l|uLOl 〉

〈ul|uLOl 〉 〈u̇l|uLOl 〉 1


 ~Aj,lm

~Bj,lm
~Cj,lm

 (572)

The second term is

(A0†OSA
0)ii ≡

∑
KK′

A0†
iK′

∮
MT

d~Sχ̃∗K′ χ̃KA
0
Ki =

∑
KK′

A0∗
K′iA

0
Ki

∮
d~S

ei(K−K
′)r

V
=
∑
KG

A0∗
K−G,iA

0
Ki

R2
MT

V
eiGRα

∫
dΩ~ere

iGr

The final result is clearly

(A0† δO

δRα
A0)ii = (A0†OMTA

0)ii − (A0†OSA
0)ii (573)

We need the following quantity

DG ≡
∑
K

A0∗
K−G,iA

0
Ki (574)

which is computed by FFT. We first compute

Yi(rl) =
∑
K

A0
Kie
−iKrl (575)

and then obtain

DG =
1

Nl

∑
rl

Y ∗i (rl)Yi(rl)e
iKrl (576)

We hence have

(A0†OSA
0)ii =

∑
G

DG
R2
MT

V
eiGRα

∫
dΩ~ere

iGr (577)

and because ∫
dΩeiGr~er = 4πi

G

|G|
j1(|G|RMT ) (578)

we obtain

(A0†OSA
0)ii =

4πR2
MT

V

∑
G

DG ieiGRα
G

|G|
j1(|G|RMT ) (579)

For the Hamiltonian, we need many more terms. We write

(A0† δH
0

δRα
A0)ij = (A0†Hsym

MT A
0)ij + (A0†Hnsym

MT A0)ij + (A0†dTMTA
0)ij − (A0†TSA

0)ij − (A0†VSA
0)ij (580)

Note that the last term is absent when potential is held fixed in lapw0.
We start with the spherically-symmetric part in the MT-sphere:

(A0†Hsym
MT A

0)ij ≡
∑
KK′

A†iK′i(K−K′) 〈χK′ | − ∇2 + V sphKS (r)|χK〉MT AKj =

∑
KK′

A†iK′i(K−K′)
(
a∗lmK′ , b

∗
lmK′ c

∗
lmK′

)
H

 almK

blmK

clmK

AKj

= i
(
a∗i,lm, b

∗
i,lm c∗i,lm

)
H

 ~Aj,lm
~Bj,lm
~Cj,lm

− i( ~A∗i,lm, ~B∗i,lm ~C∗i,lm
)
H

 aj,lm
bj,lm
cj,lm

 (581)
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where

H =

 〈ul|H|ul〉 〈ul|H|u̇l〉 〈ul|H|uLOl 〉
〈u̇l|H|ul〉 〈u̇l|H|u̇l〉 〈u̇l|H|uLOl 〉
〈uLOl |H|ul〉 〈uLOl |H|u̇l〉 〈uLOl |H|uLOl 〉

 (582)

and 〈uLOl |H|ul〉 = 1
2 (〈uLOl |H|ul〉+ 〈ul|H|uLOl 〉). When H = −∇2 + V sph, we get for the MT part 3× 3 matrix

H ≡

 El
1
2

1
2 (El + ELOl ) 〈u|uLO〉

1
2 El 〈u̇|u̇〉 1

2 (El + ELOl ) 〈u̇|uLO〉+ 1
2 〈ul|u

LO
l 〉

1
2 (El + ELOl ) 〈ul|uLOl 〉 1

2 (El + ELOl ) 〈u̇l|uLOl 〉+ 1
2 〈ul|u

LO
l 〉 ELOl

 (583)

The result is

(A0†Hsym
MT A

0) = i(R−R†) (584)

with

R =
(
a∗i,lm, b

∗
i,lm c∗i,lm

)
H

 ~Aj,lm
~Bj,lm
~Cj,lm

 (585)

Next we add non-spherically symmetric part

(A0†Hnsym
MT A0)ij ≡

∑
KK′

A†iK′i(K−K′) 〈χK′ |V nsphKS (r)|χK〉MT AKj = (586)

∑
KK′l′m′κ′,lmκ

A†iK′i(K−K′)aκ
′ ∗
l′m′,K′a

κ
lmKAKj

∫
druκ

′

l′ (r)Y ∗l′m′(r)V non−sph(r)Ylm(r)uκl (r) (587)

The non-spherical symmetric potential is read from case.nsh, and takes the form

V non−sphκ1l1m1κ2l2m2
=

∫
d3rY ∗l1m1

(r̂)uκ1V n−sym(r)uκ2Yl2m2
(r̂) (588)

The result then is

(A0†Hnsym
MT A0)ij = i

∑
l′m′κ′,lmκ

aκ
′ ∗
i,l′m′V

non−sph
κ′l′m′κlm

~Aκj,lm − ( ~Aκ
′

i,l′m′V
non−sph ∗
κ′l′m′κlm aκ ∗j,lm)∗ (589)

We next use the fact that

V non−sph ∗κ′l′m′κlm = V non−sphκlmκ′l′m′

to obtain

(A0†Hnsym
MT A0)ij = i

∑
l′m′κ′,lmκ

aκ
′ ∗
i,l′m′V

non−sph
κ′l′m′κlm

~Aκj,lm − (aκ
′ ∗
j,l′m′V

non−sph
κ′l′m′κlm

~Aκi,lm)∗ = i(R−R†)ij (590)

where

Rij =
∑

l′m′κ′,lmκ

aκ
′ ∗
i,l′m′V

non−sph
κ′l′m′κlm

~Aκj,lm (591)

We also need to add the surface term because we use ∇ · ∇ in the interstitial and −∇2 in the MT-sphere. This
term is

(A0†dTMTA
0)ij ≡

∑
KK′

A†iK′i(K−K′)AKj

∮
R−MT

d~Sχ∗k+K′(r)∇rχk+K(r) = (592)

R2
MT

∑
KK′

A†iK′i(K−K′)
(
a∗lmK′ , b

∗
lmK′ c

∗
lmK′

)
R

 almK

blmK

clmK

AKj = (593)

i R2
MT

( a∗i,lm, b∗i,lm c∗i,lm

)
R

 ~Aj,lm
~Bj,lm
~Cj,lm

− ( ~A∗i,lm, ~B∗i,lm ~C∗i,lm
)
R

 aj,lm
bj,lm
cj,lm


 (594)
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where

R =

 ul
dul
dr ul

du̇l
dr + 1

2R2
1
2 (ul

duLOl
dr + uLOl

dul
dr )

ul
du̇l
dr + 1

2R2 u̇l
du̇l
dr

1
2 (u̇l

duLOl
dr + uLOl

du̇l
dr )

1
2 (ul

duLOl
dr + uLOl

dul
dr ) 1

2 (u̇l
duLOl
dr + uLOl

du̇l
dr ) uLOl

duLOl
dr

 (595)

so that

(A0†dTMTA
0)ij = i(O −O†) (596)

with

O = R2
MT

(
a∗i,lm, b

∗
i,lm c∗i,lm

)
R

 ~Aj,lm
~Bj,lm
~Cj,lm

 (597)

(A0†TSA
0)ii ≡

∑
KK′

A0†
iK′

∮
MT

d~Sχ̃∗K′T χ̃KA
0
Ki =

∑
KK′

A0∗
K′iA

0
Ki(K

′ + k) · (K + k)

∮
d~S

ei(K−K
′)r

V
= (598)

∑
KG

A0∗
K−G,i(K−G + k) · (K + k)A0

Ki

R2
MT

V
eiGRα

∫
dΩ~ere

iGr (599)

We then define

CG ≡
∑
K

A0∗
K−G,i(K−G + k) · (K + k)A0

Ki (600)

which is obtained by FFT of

~Xi(rl) =
∑
K

A0
Ki(K + k)e−iKrl (601)

and

CG =
1

Nl

∑
rl

~X∗i · ~Xie
iKrl (602)

We finally have

(A0†TSA
0)ii =

∑
G

CGe
iGRα

R2
MT

V

∫
dΩ~ere

iGr =
4πR2

MT

V

∑
G

CG ieiGRα
G

|G|
j1(|G|RMT ) (603)

We conclude with the potential part

(A0†VSA
0)ii =

∑
K′K

A0∗
K′iA

0
Ki

∮
MT

d~S
ei(K−K

′)r

V
VKS(r) (604)

The expansion of the potential exists

VKS(r) =
∑
G0

e−iG0rVG0 , (605)

which gives

(A0†VSA
0)ii =

∑
K′KG0

A0∗
K′iA

0
KiVG0

∮
MT

d~S
ei(K−K

′−G0)r

V
=
∑

KGG0

A0∗
K−G0−G,iA

0
K,iVG0

∮
MT

d~S
eiGr

V
(606)
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We then perform FFT on A0 and V to obtain

Yi(rl) =
∑
K

e−iKrlAK,i (607)

V (rl) =
∑
G0

eiG0rlVG0
(608)

We can then show that

EG ≡
∑
KG0

A0∗
K−G0−G,iA

0
K,iVG0

=
1

Nl

∑
rl

Y ∗i (rl)V (rl)Yi(rl)e
iGrl (609)

hence

(A0†VSA
0)ii =

∑
G

EGe
iGRα

R2
MT

V

∫
dΩ~ere

iGr =
4πR2

MT

V

∑
G

EG ieiGRα
G

|G|
j1(|G|RMT ) (610)

If we want to compute the potential on the MT-sphere using interstitial potential, we write

V (r) =
∑
G

VGe
−iGr = e−iGRαVG4π

∑
lm

(−i)ljl(|G|RMT )ylms(Ĝ)ylms(r̂) (611)

and compute

Vlms(r) =
∑
G

VGe
−iGr =

∑
G

e−iGRαylms(Ĝ)VG4π(−i)ljl(|G|RMT ) (612)

G. Calculation of H in lapw1

1. Interstitails

Note that in lapw1, the plane wave basis function (valid in the interstitial) is defined by

χ̃k+K =
1√
V
ei(k+K)r (613)

In the interstitials, the overlap is

ÕKK′ = 〈χ̃K′ |χ̃K〉 =

∫
interstitial

d3χ̃∗K′ χ̃K = δKK′ −
∑
Rα

eiRα(K−K′)
∫
MT

d3r
eir(K−K

′)

V
(614)

= δKK′ − 4πR2
MT

j1(|K−K′|RMT )

Vcell|K−K′|
∑
Rα

eiRα(K−K′) (615)

= δKK′ − 3
VMT

Vcell

j1(|K−K′|RMT )

|K−K′|RMT

∑
Rα

eiRα(K−K′) (616)

and the kinetic part is

T̃KK′ = 〈χ̃K′ |T |χ̃K〉 =

∫
interstitial

d3χ̃∗K′T χ̃K = (K′ + k)(K + k)

∫
interstitial

d3χ̃∗K′ χ̃K = (K′ + k)(K + k)ÕK′K(617)

The potential part is

ṼKK′ = 〈χ̃K′ |Ṽ |χ̃K〉 =

∫
interstitial

d3χ̃∗K′
∑
G

VGe
−iGrχ̃K =

∑
G

VG

∫
interstitial

ei(K−K
′−G)r = (618)

∑
G

VG

(
δK−K′−G −

∑
α

ei(K−K
′−G)Rα4πR2

MT

j1(|K−K′ −G|RMT )

|K−K′ −G|

)
(619)
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We compute this by computing convolution of VG and the following quantity

RK = δK −
∑
α

eiKRα4πR2
MT

j1(|K|RMT )

|K|
(620)

Let’s define

UK ≡
∑
G

VGRK−G (621)

We then see that the result is

ṼKK′ = UK−K′ (622)

Note that UK is named warp or warpin, and is stored in case.vns.

2. Muffin-thin, non-local orbitals

The basis inside MT-part is

χK(r) =
∑
lmµ′

4πilR2
MT√
V

ei(k+K)rµ′Ylm(Rµ′(k + K))(ãlKul(r) + b̃lKu̇l(r))Y
∗
lm(R−1µ′ r) (623)

We first perform the calculation in the absence of local orbitals. For overlap, we have

〈χK′ |χK〉MT =

∫
MT

dr(a∗lmK′ul + b∗lmK′ u̇l)(almKul + blmKu̇l) = a∗lmK′almK + b∗lmK′blmK 〈u̇|u̇〉 (624)

For Hamiltonian, we have two parts, i.e,

〈χK′ |Hsym|χK〉MT =

∫
MT

χ∗K′(−∇2 + V symKS )χK +

∮
MT

d~Sχ∗K′∇rχK (625)

=

∫
MT

d3rY ∗lm(r)(a∗lmK′ul + b∗lmK′ u̇l)(−∇2 + V symKS )(almKul + blmKu̇l)Ylm(r)

+R2
MT

∫
MT

dΩ(a∗lmK′ul(R) + b∗lmK′ u̇l(R))(almK
dul(R)

dr
+ blmK

du̇l(R)

dr
)Y ∗lmYlm

=

∫
MT

dr(a∗lmK′ul + b∗lmK′ u̇l) [εl(almKul + blmKu̇l) + blmKul]

+R2
MT (a∗lmK′ul(R) + b∗lmK′ u̇l(R))(almK

dul(R)

dr
+ blmK

du̇l(R)

dr
)

= εl(a
∗
lmK′almK + b∗lmK′blmK 〈u̇l|u̇l〉) + a∗lmK′blmK (626)

+R2
MT

(
a∗lmK′almKul(R)

dul(R)

dr
+ b∗lmK′blmKu̇l(R)

du̇l(R)

dr
+ a∗lmK′blmKul(R)

du̇l(R)

dr
+ b∗lmK′almKu̇l(R)

dul(R)

dr

)
We know that

u̇(R)
du(R)

dr
− u(R)

du̇(R)

dr
=

1

R2
(627)

hence we can use this identity in the last term to obtain more symmetric result

〈χK′ |Hsym|χK〉MT = εl(a
∗
lmK′almK + b∗lmK′blmK 〈u̇l|u̇l〉) + a∗lmK′blmK + b∗lmK′almK (628)

+ R2
MT

(
a∗lmK′almKul(R)

dul(R)

dr
+ b∗lmK′blmKu̇l(R)

du̇l(R)

dr
+ (a∗lmK′blmK + b∗lmK′almK)ul(R)

du̇l(R)

dr

)
In all cases, we have terms like a∗lmK′blmK, which can be further simplified∑

m

a∗lmK′blmK =
(4πR2

MT )2

V
ei(K−K

′)Rα ãlK′ b̃lK
∑
m

Ylm(Rα(K′ + k))Y ∗lm(Rα(K + k)) (629)

=
(4πR2

MT )2

V
ei(K−K

′)Rα ãlK′ b̃lK
2l + 1

4π
Pl((K

′ + k)(K + k)) (630)

=
4πR4

MT

V
(2l + 1)Pl((K

′ + k)(K + k))ei(K−K
′)Rα ãlK′ b̃lK (631)
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where (
ãlK
b̃lK

)
=

(
u̇l(S) ddr jl(|k + K|S)− d

dr u̇l(S)jl(|k + K|S)
d
drul(S)jl(|k + K|S)− ul(S) ddr jl(|k + K|S)

)
(632)

We first define

Cl(K
′,K) =

 ∑
α∈equivalent

ei(K−K
′)Rα

 4πR4
MT

V
(2l + 1)Pl((K

′ + k)(K + k)) (633)

For the overlap we can get

OKK′ ≡ 〈χK′ |χK〉MT = Cl(K
′,K)

(
ãlK′ ãlK + b̃lK′ b̃lK 〈u̇|u̇〉

)
(634)

And for the Hamiltonian, we get

HKK′ ≡ 〈χK′ |Hsym|χK〉MT = Cl(K
′,K){εl(ãlK′ ãlK + b̃lK′ b̃lK 〈u̇l|u̇l〉) + ãlK′ b̃lK + b̃lK′ ãlK

+R2
MT

[
ãlK′ul(R)

dul(R)

dr
+ b̃lK′ul(R)

du̇l(R)

dr

]
ãlK

+R2
MT

[
b̃lK′ u̇l(R)

du̇l(R)

dr
+ ãlK′ul(R)

du̇l(R)

dr

]
b̃lK} (635)

3. Muffin-thin, local orbitals

The basis inside the MT-part, in which Hamiltonian is diagonalized, is

χK(r) =
∑
lmµ′

4πilR2
MT√
V

ei(k+K)rµ′Ylm(Rµ′(k + K))(ãlKul(r) + b̃lKu̇l(r))Y
∗
lm(R−1µ′ r) (636)

χν(r) =
∑
m′µ′

4πilR2
MT√
V

ei(k+Kν)rµ′Ylm′(Rµ′(k + Kν))(aloν ul(r) + bloν u̇l(r) + cloν u
LO
l (r))Y ∗lm′(R

−1
µ′ r) (637)

In the last term we compute alo, blo and clo so that χν(r = RMT ) = 0. In LAPW method, we can also make derivative
dχν(r = RMT )/dr vanish, while in APW+lo only the value χν(r = RMT ) vanishes. Note that the index for the local
orbital ν comprises (i, l, jlo, α,m) in this order, where (i, l, jlo, α, m) are (index of a sort, l, index enumerates local
orbital, index of the equivalent atom, m).

Notice that the phase factor in the local orbital functions is taken to be the same as in augmented plane waves.
Moreover, Kν is taken to be different for each local orbital component. Namely, each set of equivalent atoms and
their m quantum numbers are assigmed a unique set of K’s, usually just starting from the beginning of the list. For
different atom types and different l’s the reciprocal vectors repeat, so that for example each first atom of a new type
and its first m = −l will have Kν = 0 vector. I do not know why is such extra phase factor necessary.... but this is
how it is implemented in Wien2k.

The orbital, which vanishes at the MT-boundary, has the following form:

ulocν (r) = aloν ul(r) + bloν u̇(r) + cloν u
LO
l (638)

(−∇2 + Vsym)ulocν (r) = aloν ul E
l
µ + bloν (u̇lE

l
µ + ul) + cloν u

LO
l Elµ′ = (aloν E

l
µ + bloν )ul + bloν E

l
µu̇l + cloν E

l
µ′u

LO
l (639)
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In the code we define

Cν1 = 〈ulocν |ul〉 = aloν + cloν 〈ul|uLOl 〉 (640)

Cν2 = 〈uloc|u̇l〉 = bloν 〈u̇l|u̇l〉+ cloν 〈u̇l|uLOl 〉 (641)

Cν3 = 〈uloc|uLOl 〉 = cloν + bloν 〈u̇l|uLOl 〉+ aloν 〈ul|uLOl 〉 (642)

Cν11 =
1

2
(〈ulocν |Hsym|ul〉+ 〈ul|Hsym|ulocν 〉) = aloν E

l
µ +

1

2
bloν +

1

2
cloν 〈u|uLO〉 (Elµ + Elµ′) (643)

Cν12 =
1

2
(〈ulocν |Hsym|u̇l〉+ 〈u̇l|Hsym|ulocν 〉) = bloν 〈u̇l|u̇l〉Elµ +

1

2
aloν +

1

2
cloν 〈ul|uLOl 〉+ cloν 〈u̇l|uLO〉

1

2
(Elµ + Elµ′) (644)

Cν13 =
1

2
(〈ulocν |Hsym|uLOl 〉+ 〈uLOl |Hsym|ulocν 〉) = cloν Eµ′ +

1

2
bloν 〈ul|uLOl 〉+

(
aloµ 〈ul|uLOl 〉+ bloν 〈u̇l|uLOl 〉

) 1

2
(Eµ + Eµ′)

akinlo =
1

2
R2
MT

dulocν (r)

dr
|r=RMT (645)

We need to calculate the overlap terms, such as

OK,ν = 〈χν |χK〉 =
(4πR2

MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k)) (646)

×〈aloν ul + bloν u̇l + cloν u
LO
l |ãlKul + b̃lKu̇l〉 = (647)

=
(4πR2

MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))× (ãlKC
ν
1 + b̃lKC

ν
2 ) (648)

Hamiltonian, which takes the form

〈χK|Hsym|χν〉MT =

∫
χ∗K(−∇2 + V symKS )χν +

∮
MT

d~Sχ∗K∇rχν (649)

is then given by

HKν ≡
1

2
(〈χν |Hsym|χK〉MT + 〈χK|Hsym|χν〉∗MT )

HKν =
(4πR2

MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k)) (650)

×
(
〈aloν ul + bloν u̇l + cloν u

LO
l |H|ãlKul + b̃lKu̇l〉 (651)

+
R2
MT

2

(
dulocall

dr
(ãlKul + b̃lKu̇l) + ulocall

d(ãlKul + b̃lKu̇l)

dr

)∣∣∣∣
r=RMT

)
(652)

Here overline means symmetrize the matrix elements. Note that ulocall = 0, hence we can drop the last term. The
code computes this quantity:

HKν =
(4πR2

MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))× (ãlKC
ν
11 + b̃lKC

ν
12) + (653)

+
(4πR2

MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))(ãlKul(RMT ) + b̃lKu̇l(RMT ))akinlo (654)

Hence the original surface term

(4πR2
MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))
R2
MT

2

[
(ãlKul + b̃lKu̇l)

dulocν
dr

+ ulocν
ãlKul + b̃lKu̇l

dr

] ∣∣∣∣
r=RMT

was simplified to

(4πR2
MT )2

V

∑
m′µ′

ei(K−Kν)rµ′Ylm′(Rµ′(K + k))Y ∗lm′(Rµ′(Kν + k))
R2
MT

2

[
(ãlKul + b̃lKu̇l)

dulocν
dr

] ∣∣∣∣
r=RMT
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because ulocall = 0.
Finally, for the last term we have

Oν′ν = 〈χν |χν′〉 =
(4πR2

MT )2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Ylm′(Rµ′(Kν′ + k))Y ∗lm′(Rµ′(Kν + k))(aloν′C
ν
1 + bloν′C

ν
2 + cloν′C

ν
3 )(655)

and

〈χν |Hsym|χν′〉 =
(4πR2

MT )2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Ylm′(Rµ′(Kν′ + k))Y ∗lm′(Rµ′(Kν + k))× (656)

(aloν′ 〈ul|ulocν 〉+ bloν′ 〈u̇l|ulocν 〉+ cloν′ 〈uLOl |ulocν 〉) (657)

so that

Hν′ν ≡
1

2
(〈χν |Hsym|χν′〉+ 〈χν′ |Hsym|χν〉∗) (658)

is

Hν′ν =
(4πR2

MT )2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Ylm′(Rµ′(Kν′ + k))Y ∗lm′(Rµ′(Kν + k))× (aloν′C
ν
11 + bloν′C

ν
12 + cloν′C

ν
13) (659)

Note that this can also be written as

Hν′ν =
(4πR2

MT )2

V

∑
m′µ′

ei(Kν′−Kν)rµ′Ylm′(Rµ′(Kν′ + k))Y ∗lm′(Rµ′(Kν + k))×
(
aloν , b

lo
ν cloν

)
H

 aloν′

bloν′

cloν′

 (660)

4. Non-spherical part

We first construct almK, blmK, clmK coefficients, which take the form almK

blmK

clmK

 =

 ãlK
b̃lK
0

 4πR2
MT√
V

ilei(K+k)RαY ∗lm(k + K) (661)

for first NK reciprocal vectors. For K index above NK, we populate almK with local orbitals, where the same
coefficients take the form  almKν

blmKν

clmKν

 =

 aloν
bloν
cloν

 4πR2
MT√
V

ilei(Kν+k)RαY ∗lm(k + Kν) (662)

We then calculate

Hnon−sym
K,K′ ≡ 〈χK′ |V non−sym|χK〉 = (663)∫
r

(a∗l′m′K′ul′(r) + b∗l′m′K′ u̇l′(r) + c∗l′m′K′u
LO
l′ (r))Y ∗l′m′(r)V (r)Ylm(r)(almKul(r) + blmKu̇l(r) + clmKu

LO(r))

We can define the following matrix

V l
′m′,lm =

∫
r

 ul′(r)

u̇l′(r)

uLOl′ (r)

Y ∗l′m′(r)V (r)Ylm(r)
(
ul′(r), u̇l′(r), u

LO
l′ (r)

)
(664)

and use it to evaluate the sum

Hnon−sym
K,K′ =

(
a∗l′m′K′ , b

∗
l′m′K′ , c

∗
l′m′K′

)
V l
′m′,lm

 almK

blmK

clmK
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H. Alternative derivation

When calculating Hamiltonian or forces, we want to calculate the following matrix elements

1

2
(〈χK′ |H|χK〉+ 〈χK|H|χK′〉∗ = (665)

=
1

2

(
a∗lmK′ , b

∗
lmK′ c

∗
lmK′

) 〈ul|H|ul〉 〈ul|H|u̇l〉 〈ul|H|uLOl 〉
〈u̇l|H|ul〉 〈u̇l|H|u̇l〉 〈u̇l|H|uLOl 〉
〈uLOl |H|ul〉 〈uLOl |H|u̇l〉 〈uLOl |H|uLOl 〉


 almK

blmK

clmK

 (666)

+
1

2

(
almK, blmK clmK

) 〈ul|H|ul〉 〈ul|H|u̇l〉 〈ul|H|uLOl 〉
〈u̇l|H|ul〉 〈u̇l|H|u̇l〉 〈u̇l|H|uLOl 〉
〈uLOl |H|ul〉 〈uLOl |H|u̇l〉 〈uLOl |H|uLOl 〉


∗ a∗lmK′

b∗lmK′

c∗lmK′

 (667)

The product ~aK′H~aK + ~aKH
∗~aK′ can be rearranged as ~aK′(H +H†)~aK, hence we have

1

2
(〈χK′ |H|χK〉+ 〈χK|H|χK′〉∗ = (668)

=
(
a∗lmK′ , b

∗
lmK′ c

∗
lmK′

) 〈ul|H|ul〉 〈ul|H|u̇l〉 〈ul|H|uLOl 〉
〈u̇l|H|ul〉 〈u̇l|H|u̇l〉 〈u̇l|H|uLOl 〉
〈uLOl |H|ul〉 〈uLOl |H|u̇l〉 〈uLOl |H|uLOl 〉


 almK

blmK

clmK

 (669)

where 〈uLOl |H|ul〉 = 1
2 (〈uLOl |H|ul〉+ 〈ul|H|uLOl 〉)

For example, for H = −∇2 + V sim and MT-part, we get for the 3× 3 matrix

H ≡

 El
1
2

1
2 (El + ELOl ) 〈u|uLO〉

1
2 El 〈u̇|u̇〉 1

2 (El + ELOl ) 〈u̇|uLO〉+ 1
2 〈ul|u

LO
l 〉

1
2 (El + ELOl ) 〈ul|uLOl 〉 1

2 (El + ELOl ) 〈u̇l|uLOl 〉+ 1
2 〈ul|u

LO
l 〉 ELOl

 (670)

To get the component of the force, which takes the form

δHij =
∑
KK′

A0†
i,K′ i(K−K′)〈χK′ |H|χK〉A0

K,j (671)

we immediately get

δHij = i
(
a∗lm,i, b

∗
lm,i c

∗
lm,i

)
H

 Alm,jBlm,j
Clm,j

− i( A∗lm,i, B∗lm,i C∗lm,i )H
 alm,j
blm,j
clm,j

 (672)

or

δHij = i
(
a∗lm,i, b

∗
lm,i c

∗
lm,i

)
H

 Alm,jBlm,j
Clm,j

− i
( Alm,i, Blm,i Clm,i )H

 a∗lm,j
b∗lm,j
c∗lm,j



∗

(673)

or

δHij = i
(
a∗lm,i, b

∗
lm,i c

∗
lm,i

)
H

 Alm,jBlm,j
Clm,j

− i
( a∗lm,j , b∗lm,j c∗lm,j

)
H

 Alm,iBlm,i
Clm,i



∗

(674)

and finally

δHij = i(H−H†)ij (675)

where

H ≡

 El
1
2

1
2 (El + ELOl ) 〈u|uLO〉

1
2 El 〈u̇|u̇〉 1

2 (El + ELOl ) 〈u̇|uLO〉+ 1
2 〈ul|u

LO
l 〉

1
2 (El + ELOl ) 〈ul|uLOl 〉 1

2 (El + ELOl ) 〈u̇l|uLOl 〉+ 1
2 〈ul|u

LO
l 〉 ELOl

 (676)
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I. How to get ai,lm

In dmft2, we need to compute coefficients ai,lm (i is band index) from almK and aν . First, lets refresh the form of
the orbitals

χK(r) =
∑
lmµ′

4πilR2
MT√
V

ei(k+K)rµ′Y ∗lm(Rµ′(k + K))(ãlKul(r) + b̃lKu̇l(r))Ylm(R−1µ′ r) (677)

χν(r) =
∑
m′µ′

4πilR2
MT√
V

ei(k+Kν)rµ′Y ∗lm′(Rµ′(k + Kν))(aloν ul(r) + bloν u̇l(r) + cloν u
LO
l (r))Ylm′(R

−1
µ′ r) (678)

The eigenvectors are large vectors of the form: (AK,i, Aν,i). We want to write the KS-orbitals in the MT-spheres as

ψi(r) =
∑
µ,lm

(aµi,lmul(r) + bµi,lmu̇l(r) +
∑
jlo

cµi,lm,jlou
LO,jlo
l (r))Ylm(R−1µ r) (679)

Here ν = (iνatom, l
ν , jνlo, µ

ν ,mν)
We clearly have  aµi,lm

bµi,lm
cµi,lm,jlo

 =
∑
K

Ai,K
4πilR2

MT√
V

ei(k+K)rµY ∗lm(Rµ(k + K))

 ãlK
b̃lK
0


+

∑
ν→µν ,mν

Ai,ν
4πilR2

MT√
V

ei(k+Kν)rµY ∗lm(Rµ(k + K))

 aloν
bloν
clo,jloν

 δ(lν − l)δ(iνatom − iatom)δ(jνlo − jlo) (680)


