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The LAPW basis takes the form:

χk+K(r) =
1√
V
ei(k+K)r =

4πil√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))jl(|k + K||r− rα|)Ylm(R(r− rα)) interstitial (1)

χk+K(r) = (almul(|r− rα|) + blmu̇l(|r− rα|))Ylm(R(r̂− r̂α)) MT − sphere (2)

The matching condition at the MT-sphere S gives(
ul(S) u̇l(S)
d
drul(S) d

dr u̇l(S)

)(
alm
blm

)
=

4πil√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))

(
jl(|k + K|S)
d
dr jl(|k + K|S)

)
(3)

with the solution(
alm
blm

)
=

4πil√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))

(
d
dr u̇l(S) −u̇l(S)
− d
drul(S) ul(S)

)
1

ul(S) ddr u̇l(S)− u̇l(S) ddrul(S)

(
jl(|k + K|S)
d
dr jl(|k + K|S)

)
(4)

The two solutions satisfy the following equations(
− d2

dr2
+
l(l + 1)

r2
+ VKS(r)− ε

)
rul(r) = 0 (5)(

− d2

dr2
+
l(l + 1)

r2
+ VKS(r)− ε

)
ru̇l(r) = rul(r) (6)

We multiply the first equation by ru̇l(r) and the second by rul(r) to obtain∫ S

0

dr

{
ru̇l(r)

(
− d2

dr2

)
rul(r)− rul(r)

(
− d2

dr2

)
ru̇l(r)

}
= −

∫ S

0

drr2ul(r)ul(r) (7)

Integration by parts gives [
−ru̇l(r)

d

dr
(rul(r)) + rul(r)

d

dr
(ru̇l(r))

]S
0

= −1 (8)

which finally leads to

u̇l(S)
d

dr
ul(S)− ul(S)

d

dr
u̇l(S) =

1

S2
(9)

We can than simplify the solution for alm and blm to(
alm
blm

)
=

4πil

S2
√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))

(
u̇l(S) ddr jl(|k + K|S)− d

dr u̇l(S)jl(|k + K|S)
d
drul(S)jl(|k + K|S)− ul(S) ddr jl(|k + K|S)

)
(10)

This equation is implemented in Wien2k, and also in both dmft1 and dmft2 steps.
To compute the projector, we need the overlap between a localized function φ(r)YL(r), and Kohn-Sham states

Uk,rα
i,m = 〈φlYlm|ψki〉 =

∑
K

Ck
iK〈φl(|r− rα|)Ylm(R(r̂− r̂α))|χk+K(r)〉 (11)
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If function φ(r) extends sufficiently outside its MT-sphere, the overlap Uk,rα
i,m will have non-zero contribution from all

other MT-spheres. However, we will use only the envelope function outside its center sphere, because the increased
charge in the neighboring spheres really should not be counted here as charge contribution to φ(r) function.

Therefore we have only two contributions. Inside MT-sphere we have

〈φl(|r− rα|)Ylm(r̂− r̂α)|χk+K(r)〉 =
∑
κ

aκlm

∫ S

0

φ(r)uκl (r)r2dr (12)

and outside MT-sphere we get

〈φl(|r− rα|)Ylm(R(r̂− r̂α))|χk+K(r)〉 =
4πil√
V
ei(k+K)rαY ∗lm(R(k̂ + K̂))

∫ S2

S

φl(r)jl(|k + K|r)r2dr (13)

I. FREE ENERGY AND TOTAL ENERGY

The equation for the total energy is

E = Tr(H0G) +
1

2
Tr(ΣG)− ΦDC [nloc] + ΦH [ρ] + Φxc[ρ] (14)

where

H0 = −∇2 + δ(r− r′)Vext(r)

We typically evaluate it in the following way

E = Tr((−∇2 + Vext + VH + Vxc)G) +
1

2
Tr(ΣG)− ΦDC [ρloc]− Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (15)

Namely, we use the Green’s function of the solid to evaluate:

E1 = Tr((−∇2 + Vext + VH + Vxc)G)− Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (16)

and the impurity to evaluate

E2 =
1

2
Tr(ΣimpGimp)− ΦDC [ρimp] (17)

Notice that 1
2Tr(ΣimpGimp) is not evaluated as a Matsubara sum, but we rather compute it from probabilities of

atomic states, i.e.,

1

2
Tr(ΣimpGimp) =

∑
m

PmEm −
∑
α

εαimpn
α
imp (18)

The free energy functional is

Γ[G] = Tr logG− Tr log((G−10 −G−1)G) + ΦH [ρ] + Φxc[ρ] + ΦDMFT [Gloc]− ΦDC [ρloc] (19)

hence stationarity gives

G−1 −G−10 + VH + Vxc + ΣDMFT − Vdc = 0 (20)

and hence

F = Tr logG− Tr(ΣG) + Tr(Vdcρloc) + ΦDMFT [Gloc]− ΦDC [ρloc]− Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (21)

Since Fimp contains ΦDMFT , i.e,

Fimp = Tr logGimp − Tr(ΣimpGimp) + ΦDMFT [Gimp] (22)

we can write

F = Tr log(G)− Tr log(Gloc) + Fimp + Tr(Vdcρloc)− ΦDC [ρloc]− Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (23)
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where

Fimp = Eimp − TSimp

and

Eimp = Tr((∆ + εimp − ωn
∂∆

∂ωn
)Gimp) +

1

2
Tr(ΣimpGimp)− TSimp

Hence

F + TSimp = Tr log(G)− Tr log(Gloc) + Tr((∆ + εimp − ωn
∂∆

∂ωn
)Gimp) +

1

2
Tr(ΣimpGimp) + Tr(Vdcρloc)− ΦDC [ρloc]

−Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ](24)

which can also be cast into the form

F + TSimp = Tr log(G)− Tr log(Gloc) + Tr((∆− ωn
∂∆

∂ωn
+ εimp + Vdc)Gloc) +

1

2
Tr(ΣimpGimp)− ΦDC [ρimp]

−Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (25)

We thus compute the following quantities with the Green’s function of the solid:

F1 = Tr log(G)− Tr log(Gloc) + Tr((∆− ωn
∂∆

∂ωn
+ εimp + Vdc)Gloc)− Tr((VH + Vxc)ρ) + ΦH [ρ] + Φxc[ρ] (26)

and the following with the impurity:

F2 =
1

2
Tr(ΣimpGimp)− ΦDC [ρimp]− TSimp (27)

Notice that F2 is similar to E2 (except for the entropy term), hence Esolid and Fsolid contain exactly the same Monte
Carlo noise.


